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Abstract

These notesintroduce to the representation theory of the symmetric group.
Prerequisites include undergraduate courses on linear algebra and abstract al-
gebra.
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1 Representations of finite groups

1.1 Matrix representations

Definition. Let G be a finite group and let GL,,(C) be the group of n x n invertible
matrices with entries in C. A (matrix) representation of G of degree n is a group
homomorphism X : G — GL,(C).

In particular, if X is a degree n representation of G, then

1. X(e) = I, since any homomorphism sends the identity £ € G to the identity
matrix I, € GL,(C).

2. X(gh) = X(g)X(h) forallg,h € G.
As a consequence, X(g™') = X(g) ' forallg € G.

Definition. Thetrivial representation for Gisthe degree 1representation X defined
by X(g) = 1forall g € G. The trivial representation is sometimes written as simply
1sothat1(g) = 1forallg € G.

Example 1. LetZ, = {0,1,2,3} be the cyclic group of order 4. A degree 1 repre-
sentation X is given by

Example 2. Adegree 2 representation X of Z, is given by

X(0) = [; ?] X(1) = [? (1)} X(2) = B ﬂ X(3) = ﬁ (ﬂ

Definition. LetS, be the symmetric group. The sign representation X is the degree
1 representation given by X(o) = sign o.

Itis a good exercise to show that sign(o7) = sign o sign 7, proving that the sign
function is a homomorphism and thus a representation.



Example 3. By directly verifying the matrix multiplications, it can be seen that a
degree 2 representation X of S; is given by

=1 3 a2y =[1 2.
GRS I K@= o
X((123)) = __0] _1]} : X((132)) = __11 _01_ ,

where permutations are written in cycle notation.

A group G acts on a set S if there is a function from G x Sto Ssuchthates = s
foralls € Sand (gh)s = g(hs) forallg,h € Gands € S. Our next theorem says
that there is a degree |S| representation of G every time G acts on a finite set S.

Theorem 4. LetGactonasetS = {s;,...,s,} and defineX : G — GL,(C) such
thatthei,jentry of X(g) is

1 ifgsy=si,
X(g)ij =
(&) {0 otherwise

forall g € G. Then Xis a degree n representation of G.

Proof. Let V be the vector space over C with basis s, . ..,s,. The vector space V
contains all formal sums of the form ¢;s1 + - - - + ¢ysp Where ¢y, ..., ¢, € C.

Since linear maps are completely determined by their action on a basis, for each
g € Gwe can define a linear map from Vto V by sending s; to gs; forallj =1,...,n.
Then X(g) is the matrix for this linear map in the basis sy, ..., sp.

By definition, group actions satisfy es; = s; and (gh)s; = g(hs;). This means
X(e) = I, and X(gh) = X(g)X(h), as needed. O

Our next definitions and examples show that a number of interesting represen-
tations can be found by choosing a specific group G and set S in the statement of
Theorem 4.

Definition. The defining representation D for the symmetric group Sy, is the repre-
sentation found by taking G = S, and S = {1,...,n} in Theorem 4. That is, the i, ]

entry of D(o) is
1 ifo(j) =i,
D(o)y; = .
0 otherwise.



For instance, when n = 3, the defining representation D for Sz is

1 0 O] [0 1 0]
D(()=10 1 0 D((12))=1{1 0 0
0 0 1 0 0 1]

[0 0 1] [1 0 0]
M= G e =100
0 0 1] 0 1 0]
D((123))=|1 0 © D((132))=1{0 0 1
010 1.0 0

The matrices given by the defining representation are also known as permutation
matrices.

Example 5. Aset partition of nis a set of nonempty disjointsetswith union{1,..., n}.
Let S be the set of all set partitions of 3. The 5 elementsin S are:

{25 31, {{n2h 81, {{n3h {23, {11 {233 {{1,2:3})

The symmetric group Sz acts on S by changing j in a set partition to o(j) forj =
1,2, 3. Adegree 5 representation X for S3 now comes from Theorem 4. For instance,

0 0 0O

X(13) =

o O O o —

0
0
1
0

o
— O O O

0
1
0 0
0

Definition. The left regular representation L is the degree n representation given
by Theorem 4 when the finite group G = {gi, ..., gn} acts on itself by left multipli-
cation. This means thei,jentry of L(g) is

1 ifgg =g,
L(g)ij =
(8): {0 otherwise.

The left regular representation will play an important role in our development
of the general theory of matrix representations.

Example 6. The left regular representation L for Z, = {0,1,2,3} is

10 00 0 0 0 1
01 0 0 10 00
L(0)*0010’ L(1)*0100’
0 0 0 1] 0 0 1 0]
[0 0 1 0] [0 1 0 O]
0 0 0 1 00 10
L(2)*1000’ L(3)*0001
0 1 0 0] 1 0 0 0]



Example 7. The left regular representation for

S3={(1),(12),(13),(23),(123),(132)}

satisfies

L(13) -

OO o —-0O0
O = O O oo
OO OO o —
— O O O OO
OO oo — o0
OO —= 0 OO0

The left regular representation turns any finite group into a group of permuta-
tion matrices. This means that a finite group of order n is a subgroup of the sym-
metric group S;,, a result known as Cayley’s theorem.

Theorem 8. Let L be the left regular representation for G = {gi, ..., gn}. Then the
matrices L(gy), ..., L(gn) are linearly independent.
Proof. Takec,...,c, € C. The top row of

ail(g) + -+ cal(gn)

is a rearrangement of the row [cy, ..., c,| because the g,gj = gy and gogj = g&
implies g, = gp. Thus the only way this linear combination can be the zero matrix
is when all coefficients are 0. O

1.2 New representations from known representations

Definition. If X is a representation of G, then X is the representation defined by
X(g) = X(g) for all g € G. Here, € denotes the complex conjugate of ¢ € C.

The fact that X is a representation follows immediately from the fact that X is a
representation and from properties of complex conjugation.

Definition. If A and B are square matrices, then the direct sum A @ B is the block

matrix
A O
0 Bl

If A and B are two representations of G, then we define A @ B to be the function
which sends g to A(g) @ B(g).

Theorem 9. If A and B are representations of G, then soisX = A ® B.



Proof. We see X(¢) = I, and

X(gh) = 0 B(gh):|

_[A® o }

— X(g)X(h). 0

It can be easily shown that if T is a fixed invertible n x n matrix and if X is a degree
n representation of G, then the function which sends g to TX(g)T~ ' is also a degree
n representation of G. If we think of X(g) as a linear map which sends v € C" to
X(g)v, then changing X(g) to TX(g)T~" has the effect of changing the basis used to
represent v.

Definition. If thereis an invertible matrix T such that the representations X and Y
satisfy X(g) = TY(g)T ' forall g € G, then X and Y are similar.

Example 10. Let D be the defining representation for S3 and take

—
N
_ —_ —a o

0
0
1
1

— O O O

Then X = T (sign D) T~ is a new representation. For instance,

-1 0 00 1.0 0 0
-1 =110 1.0 -1 1
X(2)=1, 4 1 o and  x((123)) =5 7 1 4
-2 0 0 1 00 0 1

Definition. If A = (a;;) and B are matrices, then the tensor product A ® B is the
block matrix with i, j block given by a;;B. If A is a representation of G and B is a
representation of H, then A ® B is defined by

A®B(g,h) = A(g) @ B(h)

forall (g,h) € G x H. If Aand B are both representations of G, then we define
A® B(g) tobeA(g) ® B(g).

Example 11. If X is the degree 2 representation of S; in example 3 and D is the
defining representation for S,, then we have

X®D((132),(12))—[_11 —0‘}@)[? (1)]_ —01 (1) _01 8
0 0



and

0 1 -1 -1 o 0 1 0
D®X((12),(132)):L O}@L 0}= 1 -1 0 o
1.0 0 O

Theorem 12. If Ais a representation of G and B a representation of H, then A ® B
is a representation of G x H.

Proof. IfX = (xij) andY = (y;;) are n x n matrices and Zand W are m x m matrices,
then the i, j block of (XY) ® (ZW) is

<ZX' kykl) ZW = ZXI KZ YW = (%i,52) (¥i W),

which is the i, j block of (X @ Z)(Y ® W). Therefore (XY) ® (ZW) = (X® Z)(Y ® W)
and so

A @ B((g1, )(82, h2)) = Algig2) © B(hihy)

= (A(g1)A(g2)) ® (B(h1)B(hy))
= (A(g1) ® B(h1)) (A(g2) ® B(h2))
= A ® B(gi, h))A ® B(g2, h2).

This, combined with the observation that if ¢ and &’ are the identities for G and H,
then A® B(e,&’) = In ® Im = lnm, Shows that A ® B is indeed a representation of
G x H. L]

A representation X for G, when restricted to a subgroup H < G, is also a repre-
sentation of H. We denote this restriction as Xiﬁ. Conversely, if Xis a representation
of a subgroup H of G, then we can use an induced representation to define a repre-
sentation of G.

Definition. Letgy,..., g« be aleft transversal for the subgroup H of G. This means
that the cosets of Hin G are giH, ..., gkH. Let X be a degree n representation of H.
The induced representation of X from H to G, denoted XT&, has i, j block matrix of
size k x k given by

otherwise.

(X1 @), = {é(gf1ggj) ifeg € giH

Itis a good exercise to verify that the induced representation is indeed a repre-
sentation.

Example 13. LetH = {(1),(2 3)} be a subgroup of S3. A transversal for H in G

is (1), (12),(13) since (H = {(1),(23)},(12)H = {(12),(123)} and (13)H =
{(13),(132)}. Let X be the representation of H defined by

x((1)):{; ﬂ and X((B)):Lo] _0‘}.

7



Then the induced representation Xﬁ'ﬁ of S3 satisfies

Xt ((12))

[ 0 X(N7'(12)(12)) 0

= [X((12)7'(012)(1)) 0 0
i 0 0 X((13)71(12)(13))
[0 010 0 O
0001 0 O

|1t o0 o0 0 o0

~]lo1 00 0 O
000 0 0 -1
0000 -1 0

Example 14. The left regular representation L is equal to 1T({3‘5}.

The definition of the induced representation depends on the choice of transver-
sal and the order in which the cosets of H in G are listed. However, any two choices
of transversal or coset ordering would result in two matrices that are related by a
change of basis (typically a permutation and block-diagonal transformation).

For instance, suppose the cosets of H in G are listed as giH, . .., gkH, then the
induced representation at the group element g is

X(gr ]ggl) X(gy ]ggz) X(gy ]ggs)
X(gy 1ggo X(gy 1ggz) X(gy 1ggz)
X(gs g81) X(gs 882) X(g3 883)

where we are using the convention that X(g) = 0if g # H. Suppose we change the
first coset representative from g; to g;h for some h € H. Then the induced repre-
sentationatg € Gis

X(h”gfgglh) X(h*‘gfggz) X(h*‘gf‘ggs)
X(gy 1gg1h) X(gy 1ggz) X(gy 1ggz)
X(gs ggih) X(gs 882) X(g5 883)

and these matrices are similar to one another, specifically with the block diagonal

matrix
Ol!

1.3 Irreducible representations

Definition. A matrix representation X is reducible if there is a constant matrix T
and two matrix representations A and B such that X(g) = T(A(g) & B(g))T ' for all
g € G. Arepresentation that is not reducible is irreducible.

8



Example 15. Any degree 1representation is irreducible.

Example 16. Let D be the defining representation for Sz and let

1T -1 0
Then it can be checked that
(1 0 0 1 0o o0
T-'D((1))T= (0 1 O], T'D((12))T=1(0 1 o0,
0 0 1 0 -1 -1
(1 0 0] 1 0 0
T-'D((13))T= [0 —1 —1|, T7'D((23))T=1(0 0 1],
0o 0 1] 0 10
(1 0 0] 1 0o o
T-'D((123))T=|0 0 1|, T7'D((32)T=[0 -1 —I
0 -1 1] o 1 0

From this we cansee T"'DT = 1@ X where 1is the trivial representation and X is the
degree 2 representation seen in Example 3. This means the defining representation
Dis reducible withD = T(1 @ X)T.

Theorem 17. Every representation X is irreducible or there is a fixed matrix T and
irreducible representations X, . .., X such that

X=T (x“) @-~-@x<">) T,

Proof. We use induction on the degree of X. When the degree of X is 1, X must be
irreducible.

If X is degree larger than 1 and reducible, then there is a matrix T and a repre-
sentations A and B with X = T(A & B)T~". Write T and T~ as block matrices of the

form ) )
Tn Tn -1 Th Th

T= and T =
[T21 Tzz] Tn Tn

where Ty and T}, are the same dimensions as A. This way we have

X — Tn T2 [A O Tﬁ qu
~|Ta To| |0 B| [Ty Thyl~

By the induction hypothesis we canwriteA=U (XV & --- & XP) U~ and B =
V (Xt g - XKW) v where XM, ..., X! are irreducible representations and
U,V are fixed matrices.

Therefore X is equal to

U TpV] XO @ @ xO 0 Uty U,
T,U TpV 0 XD @ .o x® V*1T’21 V7]T£2 '

9



This is the desired form because we see

U71T11 U71T€2 THU T12V =1
V_lT/21 V_1T£2 T21 U T22V ’

meaning that these two matrices are inverses, as needed. O

Our development of the representation theory of the symmetric group will give
nice answers to these two fundamental questions about representations:

1. How can we identify if a representation is irreducible?

2. How can we determine how a reducible representation breaks up into a direct
sum of irreducible representations?

Definition. Let X be a representation of G. A subspace V. C C" is X-invariant if
X(g)v € Vforallv e Vand g € G.

Example 18. Let X be the representation found when G acts on a set S as given in
Theorem 4. Each row in X(g) contains exactly one 1 and the rest of the entries are
0. Therefore, if 1 denotes the column vector of all 1’s, then X(g)1 = 1forallg € G.
This shows span{1} is an X-invariant subspace.

Theorem 19. A representation X is reducible if and only if there is an X-invariant
subspace other than the trivial subspaces {0} and C".

Proof. If X is reducible, then X = T(A & B)T~" where A and B are representations
and T is a fixed matrix. If Ais degree k, let V be the span of the first k columns of T.
Then every v € V can be written as

where w is some vector in C¥. Therefore

X(g)lv=T [A%g) B?g)} 7T [W] =T {A(%)W]

forall g € G and so Vis X-invariant.
Now suppose V is a nontrivial X-invariant subspace. Let M be the matrix

M= X(g)*X(g)

g€eG

where X(g)* denotes the conjugate transpose of X(g). Not only is this matrix Her-
mitian, meaning M = M*, but it is also positive definite because

viMv = > |X(g)v? >0

geG

10



for all nonzero v € C". This means that we can define a valid inner product on C"
by setting (v, u) = v*Mu. This inner product satisfies

v (3o x(e)x(@) ) X(hyw
geG
= v (Y XEehT)xE))w

g'eG

(v, X(h)w)

forallv,w € C"and h € G.
The orthogonal complement of V with respect to this inner product is

Vi ={w e C": (v,w) =0forallv € V}.

The subspace V- is also X invariant because (v, X(h)w) = (X(h~")v, w) = 0 forall
veV,weVt andheG.

Thereforeifwe let vy, ..., vi beabasisforV, vy, ..., v, be abasis forV*, and
T be the the matrix with columns vy,. .., v, then T is the change of basis matrix
from the standard basisto vy, ..., v, for C".

In the basis vy, . .., vy, the matrix X(g) is block diagonal, and so

T 'X(g)T = {Agg) B?g)}

for some A(g) and B(g) for all g € G. This shows X = T(A @ B)T~' and that X is
reducible. O

Example 20. In the case of the defining representation D for Sz, the matrix M in
the proof of Theorem 19 is 615 and so the inner product in the proof is the standard
inner product for C2 multiplied by 6.

As shown in Example 18, the vector 1 of all 1’s is a basis for a D invariant sub-
space. Thus we can take a basis for the orthogonal complement of span{1} to be

1,0, —1] T and (1,1, 0]T in order to find the matrix T as given in Example 16.

Theorem 21 (Schur). Suppose X and Y are irreducible representations of Gand T
is a fixed matrix such that TX(g) = Y(g)T for all g € G. Then either T is invertible or
Tis the zero matrix.

Proof. Suppose Tisan m x n matrix. The kernel of T, denoted ker T, is an X invariant
subspace of C". Indeed, if v € ker T, then

T(X(g)v) =Y(g)Tv =0,

which implies X(g)v € kerT forall g € G. By Theorem 19, either ker T = {0} or
ker T = C".

11



The image of T, denoted Im T, is a Y invariant subspace. Indeed, if w € Im T,
then thereisav € C" with Tv = w and so

Y(g)w = Y(g)Tv = TX(g)v € ImT,

forallg € G. By Theorem 19, eitherImT = {0} orImT = C™.
IfImT = {0} orker T = C", then Tis the zero matrix. f In T = C™and ker T =
{0}, then m = n by the rank nullity theorem and it follows that T is invertible. [

Theorem 22. Let X be an irreducible representation and T be a matrix such that
TX(g) = X(g)T for all g € G. Then T is a multiple of the identity matrix.

Proof. If \is an eigenvalue of T, then T — Alis not invertible and
(T—ADX(g) = X(g)(T = Al)

forallg € G. Theorem 21 says T — Al is the zero matrix,and so T = Al O

1.4 Characters

Definition. The character of a representation X is the function x* : G — C defined
by x*(g) = traceX(g) forallg € G.

Example 23. Let D be the defining representation for S,. Then forany o € S;,,

x°(o) = trace D(o)
= (thenumberofi=1,...,nwitho(i) =)
= (the number of fixed points of 7).

More generally, if G acts on a set S and X is the representation given in Theorem 4,
then x*(g) is the number of elements in Swhich are fixed by g. As animportant spe-
cial case, the character of the left regular representation L for any group G satisfies

XL(g) _ {|G| ifg:g,

0  otherwise.

Example 24. If Xis a degree 1representation of G, then \* = X.
Theorem 25. If X and Y are similar representations, then y* = y".

Proof. Matrix trace satisfies trace(AB) = trace(BA) for any matrices A and B for
which both the matrix multiplications AB and BA are defined. If X and Y are similar,
then there is a fixed matrix T for which X(g) = TY(g)T ' for all g € G. Therefore

' (g) = traceX(g) = trace(TY(g)T™") = trace Y(g) = x"(g)

forallg € G. O

12



We will soon see that the converse to Theorem 25 is also true. This will be a great
help when we want to identify all irreducible representations of G up to similarity.

Theorem 26. If Xand Y are representations of G and Z a representation of H, then
YO = VX £ 1Y and V€7 = .

Proof. As for the direct sum, we have

) 0

_ X(g _
X®Y(g) = trace [ 0 Y(g)} = trace X(g) + trace Y(g),

X

which is x*(g) + x¥(g) for all g € G. Similarly, for the tensor product,
“(g, h) = trace X(g) trace Z(h) = x*(g)x*(h)
forallg € Gand h € H. O

Theorem 27. If His a subgroup of G and X is a representation of H, then
e = o 3o 'gh)
iz
where x*(g) is taken to be 0 if g & H.

Proof. Letg,...,gx be a left transversal for H < G. If we say that X(g) is the zero
matrix whenever g ¢ H, then we have

K
Y M (g) = Ztrace X(gi’1ggi)

i=1

| |ZZtraceXh g 'ggih)

heH i=1

|H|ZX (h~"gh). O

hea

Example 28. LetH = {(1),(2 3)} be a subgroup of S; and X be the same repre-
sentation as in Example 13. Then x*((1)) = 2 and x*((23)) = 0 and x*(0) = 0iif
o ¢ H, and so, for instance, we have

- % Z X (o7 (o) = %(2+--~+2) =6,

o€S3
XXTff(m 2)) = % Z Y (c7'(12)0) = %(0+~-~+0) =0,
and o 1
Xxm (123)) ;Szx c7'(123)0) = 50+ +0)=0.

13



It can also be seen that x*%’ () = 0 when o = (13), (23), and (13 2). Therefore

XXT? = x" where Lis the left regular representation for Sz. Later we will prove that
this implies Xﬁ3 and L are similar.

Definition. The conjugacy class containingg € GisC; = {h~'gh : h € G}.
Example 29. If Gis an abelian group, then C; = {g} forallg € G.
Theorem 30. Characters are constant on conjugacy classes.

Proof. If g,h € G are in the same conjugacy class, then thereisa k € Gwithg =
k~Thk. Then for any representation X we have

*(g) = traceX(g) = trace(X(k) ~'X(h)X(k)) = traceX(h) = x*(h). O

1.5 The conjugacy classes of the symmetric group

Definition. An integer partition of n, written A - n, is a finite sequence of weakly
decreasing nonnegative integers. If A = (\,..., A\) F nwith \x # 0, then we
write |A| = n, £(\) = k, and max(\) = ;.

Example 31. The 7 integer partitions of 5 are
(5), (4.1), (3,2), (3,1,1), (2,2,1), (2,1,1,1), (1,1,1,1,1).

In this order, the lengths ¢()\) are 1, 2, 2, 3, 3, 4, 5 while the maximum parts are 5, 4,
3,3,2,2,1.

Occasionally it is convenient to denote A as 1™M2M23™: ... if \ has m; parts of
size i. Using this notation, the integer partitions of 5 are

51,141, 23" 1231 122 1321 15,

Integer partitions can be identified by the corresponding Young diagram; this
is a collection of left-justified rows of boxes where row i has \; boxes reading from
bottom to top. The Young diagrams for all A - 5 are

In many places Young diagrams are drawn with the largest row on top; in this way
the integer partition (5, 3, 2) would be drawn as

14



Definition. The cycle type of a permutation o € S, is the integer partition which
records the lengths of the cycles of 0.

Example 32. The permutation (13)(2)(46)(57 9 8) has cycle type (4,2,2,1).

Theorem 33. The conjugacy class containing o € S, is the set of permutations
with the same cycle type as .

Proof. Itisagood exercise to show that conjugation by 7 rearranges the integers in
the cycles of o but preserves the overall cycle structure of o. O

Example 34. We canindexthe three distinct conjugacy classes for Sz by cycle type.

They are
C(3) ={(123),(132)},
Can =1{(12),(13),(23)},
Carny=1{M}

Definition. If \ = 1™2™ ... is aninteger partition, we define
ZA :1m12m2._.m1!m2!.._ .
Theorem 35. We have |C)| = n!/z,.

Proof. There are n! ways to select a permutationin S, in one line notation and then
place parentheses around the integers to create a permutation of cycle type A.
Any one of i cyclic rearrangements of a cycle of length i leaves the permuta-
tion unchanged; divide by 1™2™: . .. to account for this. Any permutation of the m;
cycles of length i will also not change the permutation; division by m;!m;! - - - will
resolve this. Therefore the number of permutations with cycle type A is
n! n!

-
]mlzmz...m1!m2!... Zy

as desired. O
Example 36. The sizes of the conjugacy classes for S, are

ICwy| =6, [Canl=38, [Cozpl=3, [Coinl=6, [Camnnl=1

1.6 Class functions and an inner product for characters

Definition. Let C(G) be the vector space of all functions f : G — C which are
constant on the conjugacy classes of G. Such f are called class functions.

Example 37. Abasis for C(G) is
{1¢ : Cisaconjugacy class of G}

where 1¢ is the function such that 1c(g) = 1ifg € Cand 0if g ¢ C. Therefore the
dimension of C(G) is the number of conjugacy classes of G.

15



Example 38. Theorem 30 says that the character of any representation is an ele-
mentin C(G).

Definition. Foranyf, h € C(G), we define the inner product
f(g)h(g
ol Z
get

If the group G is clear from context, we may omit the subscript and write this as
(f.h).

It can be readily verified that this has the properties required of an inner prod-
uct, namely that (cf + ', h) = c (f,h) + (f', h), (f,h) = (h,f),and (f,f) > 0iff # 0
forallf,f,h € C(G)andallc € C.

The inner product of characters can be written in a useful alternative form. As
permitted by Exercise 9, we will express the inner product of two characters as

(X" |G|Zx

geG

when convenient.

Example 39. Let sign be the sign representation, D the defining representation,
and L be the left regular representation for S3. Then

. 1 .
() = = 3 (o) (0 = 0,

6
oES;
(E0) = £ S X =3,
o€ES;
(%) = 5 S oo ) =2

Theorem 40 (Frobenius Reciprocity). Let H be a subgroup of G, X be a representa-
tion of H, and Y a representation of G. Then

G
<XXT”7XY> <x x”“> :
G H

Proof. Using Theorem 27, we have

<XXT“’X>G* |G|\H|ZZX (h™'gh)x'(g™)

g€G heG
1
|G|\ ] 22 22 (0 (k)
keG heg
|G|\ |ZZX
keH heg
:<XX,X”3> : O
H
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Example 41. Let H and X be the same subgroup of S;3 and representation as found
in Examples 13 and 28. Then

(o ey = (i) — 1oy o
H 2
Theorem 42. If XandY areirreducible representations, then
X" = {
Proof. Suppose X is degree m and Y is degree n. For any m x n matrix M let

M= X(gMY(g™).

S3

1 ifXandY aresimilar,
0 otherwise.

geG
Then forany h € G we see
X(h)M = > " X(hg)MY(g™") =Y " X(k)MY(k~'h) = MY(h). (1)
get keG

Theorem 21 gives that M is invertible or equal to the zero matrix.

Case 1: Misinvertible. Here we have X(h) = MY(h)M~" and so X and Y are similar.
Since by Theorem 25 we have

O x") = XD S
we need to show that (x*, x*) = 1.

If we define M by
M= X(gMx(g),

ge6

then the reasoning given in (1) shows X(h)M = MX(h) for all h € G. Theorem
22 says there is a constant A with M = Al so

N\ = trace(Al,) = trace M = Ztrace(X(g)MX(g_l)) = |G| trace M.
geG
Thus A = |G| trace M/n.
Compare the i, £ entries of M = Al, = (|G| trace M/n)l, to see
1 B(M]1+~--+Mnn) ifi =¢,
DD X@iMXE e=q n " R @)
geG ik 0 ifi #¢,

where M; , denotes the j, k entry of M. The matrix M is arbitrary, so we can
compare the coefficients of M; , on both sides of (2) to see

> X(g)iX(g e = {|G|/n ifi =,

0 otherwise.
geG
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Therefore (x*, x*) is equal to

6 Ztracex g) trace X(g~ |G| ZZX LX(g ")

geG il geG
1 |G|
%

= b
as needed.

Case2: M = 0. Herethe i, £ entry of M is

0=2_ > XeMuY(g ke
geG j,k
and so by comparing the coefficients of M; , on both sides,

> X(@)iY(g e =0

geG

for allj, k. From here we can see that (x*, x") is equal to

1
|G| E trace X(g) trace Y(g r E E X(g)iiY(g e =0,
i,0 geG

gcG

as needed. O

Example 43. The degree 2 representation X for Z4 found in Example 2 is similar to
itself but since

1
Z(22+02+02+22):2

the representation X must be reducible.

(XK =

Theorem 44. Suppose X is a representation of G such that X is similar to
XDV ..axWa...ox®Wg...qx®

where X, ... X® are irreducible representations and X() appears in the direct
sum m; times. Then

L <X",xx(°> = m;,
2. (05 K) =mi -+ mi,
3. Xisirreducible if and only if (x*, x*) = 1,and

4. XandY are similarif and only if yY* = x".

18



Proof. Forstatement1.,
() (1) (k) (i)
<XX,XX >:<m1xx o m >

(1) (i) (k) (i)
m1<xx % >+"'+mk<XX % >

= m;.

For statement 2.,

k)

M ( M Q)
() = (mid e mia e mio™)

(i) )]
=Y mim <xx X >
i

For statement 3., (x*, x*) = 1ifand only if m 4 - - - + m% = 1, which can only
happen if exactly one m; = 1and the rest are 0.
Finally, for statement 4., if y* = xY, then

(i) (i)
<XX,XX >= <XY,XX >

for all X and so X and Y contain the same number of copies of each irreducible
representation and therefore X and Y are similar. O

Example 45. LetX be the representation of S3 given in Example 3. Then (x*, x*) =
1and so Xisirreducible.

Example 46. Let X betherepresentation of S; givenin Example 3 and let1and sign
be the trivial and sign representations for S;. Define a representation Y of S such
that

1T 1 1 1 00 0 1
0 -1 0 -1 00 10
Y((12)) = 0 0 1 1 and Y((23)) = o1 0 o
0 0 0 1 10 00

This completely defines the representation Y because the permutations (12) and
(2 3) generate S;. For instance,

Y(123) =v(02)¥(@3) = |, 5
1 0 0

o o o —

Since characters are constant on conjugacy classes, x' (o) = 0 if the the cycle type
of ois(2,1)and xY (o) = Tifthe cycle type of o is (3). From this it may be calculated
that

(X", x") =3.
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The only possible way m? +- - -+ mZ canequal 3isifk = 3andm; = m, = m3 = 1.
Indeed, we see that

<XY7 X1> — 17 <XY7Xsign> _ 17 <XY7XX> — 1,

showing that Y is similar to 1 & sign ©X. We have successfully identified the irre-
ducible components of Y by calculating inner products of characters.

Example 47. Let L be the left regular representation for G and let X an irreducible

representation of G of degree d. Then

1
and so X appears d timesin L.

Since L is degree |G|, this last example shows that, up to similarity, the number
of irreducible representations of G is at most |G]|.

1.7 Character tables

Theorem 48. The set {\* : Xisanirreducible representation of G} is a basis for
C(G).

Proof. Theorem 44 says that <XX, XY> = O forallirreducible representations X and
Y which are not similar. Therefore the set

{x* : Xis anirreducible representation of G}

is linearly independent. It remains to be shown that this set spans C(G).

Take f € (span{x* : Xisirreducible})*, meaning that (x*,f) = 0 for all irre-
ducible representations X. Furthermore, since every representation is a direct sum
of irreducible representations, we have that <XX, f> = 0 for all representations X,
irreducible or not. We will show that f = 0.

For any representation X we define

M= 5" TigiX(g).
1G] £
It follows that
X(h)MeX(h ") = ﬁ S fgX(hgh ") = I%I S fh-TK)X(K) = Mx.
g€t ket

If Xisirreducible, then Theorem 22 says My = Al, for some \ € C. Since trace My =
(x*,f) = 0, this constant \ is 0 and so Mx = 0 when X s irreducible.
If X is reducible, say X = T(A & B)T~', then we have

My = Mragp)r—1 = T(Ma & Mg)T ™.
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Since any representation X is similar to a direct sum of irreducible representations,
this implies My is the zero matrix even if X were not irreducible. In particular, using
the left regular representation L in place of X, we have

0=M = ﬁZ@L(g).
gcG

The matricesin the left regular representation are linearly independent by Theorem

8,s0f(g) = 0forall g € G. Thus fis the zero function. O

Definition. The charactertable for Gis a table with rows indexed by the characters
of the irreducible representations of G, columns indexed by the conjugacy classes
of G, with the \*, Cg entry the value of x* on Cg.

Theorem 48 says that the number of irreducible representations, up so similar-
ity, is the number of conjugacy classes of G. This means that the character table for
Gis square.

Example 49. The character table for Sz is

Ca Ceny Caa

X —1 1

where X is the irreducible representation in Example 3. These must be all of the
characters of irreducible representations since the character table is square.

Example 50. The character table for Z, = {0,1,2,3} is

G G G G

Xl

1
@ 10 =1 i
X(4) 1

since there are four conjugacy classes for Z, and it can be seen that x(, x(2, x®),
and x4 are irreducible degree 1 representations.

More generally, the function defined by X(j) = e*™1/"is an irreducible represen-
tation for the cyclic group Z, = {0,1,...,n — 1} for each i, and so the k, j entry of
the character table for Z,, is e2™i/",

Theorem 51. IfXandY areirreducible representations for Gand H, then X®Yis an
irreducible representation of G x H. Furthermore, if X", ... XM and YV ... y(®)
are all of the irreducible representations (up to similarity) for G and H, then all irre-
ducible representations of G x H are X() @ Y0,
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Proof. We see

<XX®Y7 XX®Y>G><H

G 2 VX XN

(gh)eG><H
= 6| ZX (|H| ZX )
geG heH

This inner productis 1 because both XandY areirreducible.
If there are n conjugacy classes for G and k for H, then there are nk conjugacy

classes for G x H. There are nk irreducible representations of the form X() @ Y0, so
this must be all of them up to similarity. O

Example 50 gives the character table for any cyclic group. The fundamental the-
orem of finite abelian groups says that any finite abelian group is the product of
cyclic groups. Theorems 26 and 51 show that the character tables for these abelian
groups can be found by multiplying the characters of the cyclic groups together.

Example 52. The characters for Z, = 0,1are x' and x(?) where x(?(1) = —1and
so the character table for Z, x Z, = {(0,0),(0,1),(1,0),(1,1)} is

Coo Con Cao  Cap

P 1 1 1 1
x'x® 1 —1 1 -1
Y@y 1 1 —1 -1

x@x@ 1 -1 -1 1

Example 53. We can deduce the character table for S, using the theory we have
built so far. There are five conjugacy classes and thus we are looking for the char-
acters of five irreducible representations. Two of them are the trivial and sign rep-
resentations.

Example 23 shows the defining representation D for S4 has character giving the
number of fixed points in a permutation. We see

1
ﬂ(1-42+6-22+3-02+8-12+6-02):2

and so the defining character has two irreducible components. One of them is the
trivial representation because <XD, X1> = 1. Call the other irreducible representa-
tion A. Then Ais degree 3 and x° = x' + x* and so x* = x® — x'. In other words,
X" (o) is one less the number of fixed points in o.

Using Exercise 11, another irreducible representation is sign ®A. The character
of this representation is sign x*.

There is one final irreducible representation, call it B. Example 47 shows that
the left regular representation L contains d copies of each degree d irreducible rep-
resentation, and so if B is degree d, Theorem 44 gives

24=(x"x") =" +17+3+3*+d.

(X°x°) =
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So d = 2. Further, since B is the only remaining irreducible representation and
since sign ®B is irreducible, it must be that B = sign ®B. This can only happen if
xB(c) = 0 whenever signo = —1.

At this point our character table is

Cay Can Ce2z Caan Cany

$% 1 1 1 1 1
A 1 0 -1 1 3
X8 0 a b 0 2
XSEROA 0 -1 —1 3
xien -1 1 1 —1 1

where a,b € C. The values of a and b can be found by taking the inner product of
B with x" and x*:

0=(x%x") =2+8a+3b,
0=(x%x") =6-3b.
We havea = —1and b = 2. Later we will find a much better combinatorial algo-

rithm to find the entries in the character table for S,,.

2 Tableau combinatorics

2.1 Tabloids

Definition. Atableau of shape \is afilling of the cells in the Young diagram of the
integer partition A with positive integers. A tableau T of shape A F n is called

a. row constant if the integers in each row of T are all the same,
b. row nondecreasing if the integers in each row of T are nondecreasing,
c. row increasing if the integers in each row of T are (strictly) increasing,

d. column strict if T is row nondecreasing and the integers strictly increase up
each column, and

e. atabloid if T is row increasing and if each of the integers 1,..., n appear ex-
actlyonceinT.

Example 54. The 6 possible tableaux of shape (2, 2) filled with 1,1, 2,2 are:

22 1]2 21 12 21 11
11 1]2 12 21 21 22

Example 55. The 10 possible tabloids of shape (3,2) are:
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213 1]5 14 13 1
145 234 2/3]5 2415 3/4/]5

Definition. The group S, acts on the set of tabloids of shape i = nby usingo € S,
to permute the elements in T and then sorting the integers in each row of T into
increasing order. For instance,

(1324) 17 4] T |13/ 4

Theorem 4 saysthatevery group action corresponds to a representation. This means
that for every i = n thereis a representation X of S, given by the group action of S,
on tabloids of shape i.. We define ¢* to be the character of this representation.

Example 56. Let X be the degree 10 representation of Ss found by considering the
action of S5 on all the tabloids of shape (3,2). Listing these tabloids in the order
found in Example 55, we have

X((1324)) =

O OO —= 0000 oo
— OO O OO0 O0OOoOOo
3t N eNeNeNeNeNoNo N
[eNeNeNe e NN Ne N}
OO —- 0000 OoOOoOOo

[eNeNeNeNeNell o Neo N
[eNelNeoleoleoleoloNoNollS
[eNeNeNeNel e NoNeNe
[eNeNeNelNeolNelNoNo el
[eNeNeolelelNe ol e N

Therefore the character 1?) ((1324)) = 0. This can also be seen since the per-
mutation (13 2 4) does not fix any tabloids of shape (3, 2).

Example 57. This is an especially enlightening example in our development. By
considering tabloids which are fixed under the action of S,, we can find that the
characters ¢* for all ;2 - 4 on the conjugacy classes of S4 are:

Ca Can Ce2 Cainy Cany
Pp® 1 1 1 1 1
ERD) 0 1 0 2 4
P22 0 0 2 2 6
@D 0 0 0 2 12
(ICIED R 0 0 0 24
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This is not a character table because all of these representations except for ¢)(4) are

reducible.

As 1 changes from the integer partition (4) to the integer partition (1,1,1,1), the
characters ¢)* change from the trivial representation to the left regular representa-
tion. Furthermore, taking inner products with the irreducible characters given for

S, found in Example 53, we can calculate
@ =,
POV =R
@D ="+ XA+ x5,
¢(2’1’1) _ X1 + ZXA + XB + Xsign@A7
1&(1,1,1#1) _ Xl + 3XA + ZXB + 3Xsign ®A | Xsign7

showing that as we change from (4) to (1,1,1,1), the number of distinct irreducible
representations in ¢* increase by 1 at each step.

From here it can be seen that the characters ¢* for ;1 - 4 are linearly indepen-
dent, and since there are the right number of them, these functions are a basis for
C(S4). The transition, or change of basis matrix, which turns ¢* into the basis given
by the irreducible characters is the matrix

@ HBY 5@ @™ 0h
v Y Y Y

X! 1 1 1 1 1
¥ 0 1 1 2 3
x® 0 o0 1 1 2
YEmeAl 0 0 0 1 3
xen 0 o0 0 0 1

Definition. Given an integer partition u = (u, 112, - . . ), the Young subgroup

Si = S{m} X S{uA1 et} X
where for any finite set A we let S, denote the set of permutations of A.

Example 58. The Young subgroup S(;; ,) is equal to
S3,2,2) = S{1,2,3) X S{a53 X Sg6,7}-

Elementsin S3 , ,) are technically ordered triples such as ((13), (4 5), (6)), but we
will simply denote such an element as (13)(4 5)(6). With this convention it is clear
that S, is a subgroup of S, forall o - n.

Theorem 59. Let Ty,..., Ty be all tabloids of shape y = (u1, p2,...) F n. Let
mi € Sp satisfy mTy = T;. Thenm, ..., mis a left transversal for S, in S,.
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Proof. Thisisthe correct number of cosets because

ISal ol < n )
ISul  plpa!- - Has 2, -

and this multinomial coefficient is the number of ways to select ;1 numbers from
{1,...,n} for the bottom row of T, then select i, numbers from the remaining in-
tegers for the second row of T, etc.

Are any of the cosets mS,,, . . ., mcS,, the same? Without loss of generality, take
T, to be the tabloid with rows containing the integers 1, ..., uy, then 41, ...+
2, and soon. Thisway 0Ty = Ty forany o € S,,. Therefore, if 1;S,, = 7;S,, for some
i # j,then (1) = mjo forsome o € S,,. This would mean that

Ti = 7TiT1 == 7Tj0'T1 == 7TjT1 == Tj,
and therefore all cosets are distinct. O
Theorem 60. The induced representation 1T§1 has character y*.

Proof. Letm, ..., mcbealefttransversalforS,inS,andletT;,. .., Ty bethetabloids
of shape 1. Then thei, jentry of 115" (o)is

( ”\STL (U))i’j =

0 otherwise
o 1 if O'Tj == Ti
|0 otherwise,

which is exactly the representation coming from the group action of S,, in the defi-
nition of the character ¢*. O

{1 ifcrﬂ'j € mS,

2.2 Theirreducible representations of the symmetric group

Definition. Let 7 be the vector space of all formal complex linear combinations
of tabloids of shape \.

Example 61. The vector space 72" consists of all vectors of the form

3 2 1
]_2-1-C213-|—C323

G

forcy, cp,c3 € C.

Definition. Let T be atableau (ortabloid) filled with 1, ..., n. The column stabilizer
Cr is the set of permutations o € S, such thatiand o (i) are in the same column of
Tforalli =1,...,n. Define the Young symmetrizer to be the operator on 72 given

by rr = >, , (signo)o.
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. Then the column stabilizer Ct

w
= o]

4
— (A
Example 62. Take T = 112 and T = 7

is{(1),(13),(24),(13)(24)} andso

1
4
4 2

[3] [1] [3]
o2 2 4
kT =113 3 1 -

2 3

The column stabilizer Cy is {(1),(12),(13),(23),(123),(132)} and so

314 314 14 24 14 24

keT=10o 71 2| (2 3| (13|23 3|72

Theorem 63. Take ), = nwith A\ # p. Then either k;T/ = 0 for any tabloids T, T/
of shape A, por ki T = 0 for any tabloids T, T' of shape A, u.

Proof. If the first column in the Young diagram of \ is taller than that of x, then
all of the integers in the first column of any tabloid T of shape A cannot appear in
different rows of any tabloid T’ of shape . Therefore there is a pair of integersiand
jin the first column of T and which appear in the same row of T. Then

ki(if) = (signo)o(ij) = —r,

oeCyr

and so we see k17" = —k1(ij)T = —k7T’. This implies kT’ = 0 for all T, T of
shape A, p.

If the first column in the Young diagram of p is taller than that of A, then a sym-
metric argument shows k1T = 0.

If the first columns in the Young diagrams of A and y are the same, to the second
columns and use a similar argument as above to show that eitherkr 7/ = Oorkp T =
0. Continuingin this manner, examining each column in sequence, we find kT = 0
or kT = 0 since eventually two column heights in A and ; must differ. O

Theorem 64. IfTand T’ are tabloids of same shape A, then 1 T"isequal to 0, (k7 T),
or —(k1T).

Proof. If there areintegersiand jwhich areinthe same column of T and also in the
same row of T/, then we find k1T’ = 0 in the same way as shown in the proof of
Theorem 63.

Suppose no such pair of integers i and j exist. If the integeriappearsin the same
column asjin T, then i and j must be in different rows of T'. If i is in a below j in T/
butiisinarow abovejinT,then the transposition (i j) € Cr makes i appear below
jin(ij)T.

Examining all such pairsiandjin the same column of T, we can apply the trans-
positions (i j) to T when necessary to show that there exists a 7 € Cy such that the
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rows of 7T and T’ contain the same integers, meaning that 7T and T’ are the same
tabloids. Then we have

kT = ke7T = Z (signo)o7T = (sign 7)k7T,
oeCr

as needed. O
Definition. The subspace V* of 77 is

V*» = span{x7T : Tis a tabloid of shape \}.
Example 65. The three possible tabloids when A = (2,1) are:

3 _ 3 1
T1 = 12 with HT1T] = 112 — NEIE
2 _ 2 1
Tz = 13 with KZTZTZ = 113 — 23]
' 2
T3 = N with IiT3T3 = 203 — 113
Since k1,Ts = —rr, Ty, a basis for V@ is {1, Ty, k7, T, }. In other words, V") is all

linear combinations of the form ¢;(x1,T1) + ¢y (k71,T2) forcy, c; € C.

Definition. A standard tableau of shape A - nis a tabloid such that integers in-
crease within columns (read bottom to top) as well as rows.

Theorem 66. A basis forV*is {«1T : Tis a standard tableau of shape \}.

Proof. Define an ordering among standard tableaux of shape A such that T < T’
whenever the permutation found by reading the rows of T from bottom to top is
lexicographically smaller than the permutation found by reading the rows of T". For
instance, we have

415 35 34 25 2.4

3<124<125<134<135

If T is one of these tableaux, then T > T for all non-identity o € Cy. So, if T is
the smallest possible tableau, then by looking at the coefficient of T' in the linear

combination
Z CT(HTT) =0

we can see that ci; = 0. Therefore k1. T’ cannot appear as a nonzero term in any
linear combination of vectors vt which equal 0.

Continue this line of reasoning with the next smallest tableau and working our
way up, we can see that whenever we have > cr(k7T) = 0, all coefficients ¢t must
equal 0. Thus we have linear independence.

These vectors also span V* by the observation that k;T is a multiple of kT’
whenever T and T’ have the same columns (as sets), and so we have a basis. O
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Example 67. The group action of S;, on tabloids can be extended by linearity to act
on 7. For example, if we let

45
=123
then the permutation (3 5) sends
45 1]5 24 1
T =112 3] (23 4] (13 5]T|3 45
to
34 113 24 1
BT =51 (22 35] |1 3535|734 35|

Theorem 68. If w € V* satisfies kyw = 0 for all tabloids T of shape A, then w is
the zero vector.

Proof. Define an inner product on 7 by

H . !
T - {1 ifT =T,

0 otherwise.

This inner product satisfies (T, T’) = (oT,oT’) forall o € S,. Then we have

(W, k1T) = Z (signo) (w,oT)

oeCr

= Z (signo) (o7 'w, 07 '0T)

oeCr

Z (signo™") (o'W, T)

o 'eCr

= <KZTW, T> )

which is equal to 0. Since vectors of the form k;T span V*, the vector w must be
in the orthogonal complement (V*)+. The only vector w which is in both V* and
(VM1 is the zero vector. O

Definition. For each o € S,, define a linear map on V* by sending x1T to o (k7T).
The Specht representation S* (o) is the matrix for this linear map in the basis {x1T :
Tis a standard tableau of shape A}.

Example 69. If A\ = (n), then there is only one possible tabloid T of shape A, the
tabloid containing 1,...,n in one row. Then k1T = T and the vector space V* is
simply the span of T. The Specht representation in this case is the trivial represen-
tation.
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Example 70. Atthe other extreme, if A = (1"), there is only one possible column
strict tableau T, the tableau containing 1, ..., nin one column. The vector space V*
is simply the span of k1T. The Specht representation in this case is the sign repre-
sentation.

Example 71. Consider A = (2,1) and take T; and T, as in example 65. The permu-
tation (12) sends r, Ty to (1, T1) — (k1,T2) and sends k1, T, to —(k1,T2). These give
us the columns in the matrix

s@V((12)) = [_11 —01] '

Similarly, (12 3) sends &1, Ty to —(x71,T2) and k1, T, to (k1,T1) — (k1,T2), SO
@0 _ [0 1
s>V ((123)) [_1 _J .

Indeed, it turns out that S is the irreducible representation in Example 3.
Theorem 72. The Specht representation S* isirreducible.

Proof. LetW # {0} be a subspace of V* invariant under the action of o forall o €
Sn. Since W corresponds to a S* invariant subspace of Ck, Theorem 19 says that in
order to prove that $* is irreducible we can show that W = V*.

The operator x1 for any tabloid T is a linear combination of permutations o, and
since W is invariant under the action of permutations, W is also invariant under the
action of k7.

Take w € W to be nonzero. The vector w is a linear combination of terms of
the form 1T where T is a standard tableau, which in turn are linear combinations
of tabloids. Therefore, by Theorem 64,

ktw = C(k1T) €W

for some c € C. Since w is nonzero, Theorem 68 says there must be a T’ such that
this cis not zero.

Therefore o(kT') € Wforallo € Sy. Let T be any other standard tableau of
shape \ and take o to be the permutation such that T’ = T (and thus T/ = ¢~ 'T).
It follows that 7 € Cy ifand only if 70~ € Cy and therefore

o(krT) = Z (signT)orT = Z (signT)oTo™'T = Z (signa)aT = kT

TECH TECH aeCr

where we re-indexed the sum by taking @ = o7o~'. This means that for every
standard tableau T, the vector k1T is in W. These vectors are a basis for V*, and so
W=V, O

Theorem 73. The representations S* and S* are not similar when \ # L.
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Proof. If A\ # u, Theorem 63 says that either ky T’ = 0 for any tabloids T, T’ of shape
A, por kpT = 0 for any tabloids T, T" of shape A, u. Without loss of generality,
assume that kyT’ = 0 for any tabloids T, T’ of shape A, j.

Suppose $* and S* are similar. This means there is a matrix © such that

0S*(0)w = SH(0)Ow

forall o € S, and vectors w. Translating this statement in the language of the
vector spaces, there is a invertible linear map (a vector space isomorphism) ¢ :
VA — VH# such that

Yow) = o (w)

forallo € S, and w € VA, Since 1 is a linear combination of permutations, the o
in this last expression can be replaced with 1 for any tabloid T.
If Tis a tabloid of shape \,

Y(krw) = k1 (w) =0

since k1T' = O forall T, T of shape A, pi. This means that kyw = 0 for all tabloids T
of shape X and all w € V. This contradictions Theorem 68. O

Theorems 72 and 73 combine to tell us that the Specht representations {S* :
A = n} are a complete list of irreducible representations—each S* is irreducible
and there are as many of them as there are conjugacy classes.

At this point the characters of these Specht representations are not particularly
easy to calculate. Later we will find a simple combinatorial method to quickly find
the value of the character of S* on the conjugacy class C,,.

3 Symmetric functions

3.1 Standard bases for symmetric functions

Definition. The weight of a tableau Tis

cellscinT
where T, is the integer in the cell cin T. For any integer partition A\, we define

a. the power symmetric function p, to equal >~ w(T) where the sum runs over
all row constant tableaux T of shape A,

b. the homogeneous symmetric function hy to equal > w(T) where the sum
runs over all row nondecreasing tableaux T of shape A,

c. the elementary symmetric function e to equal > w(T) where the sum runs
over all row increasing tableaux T of shape A, and

d. the Schur symmetric function sy to equal > w(T) where the sum runs over
all column strict tableaux T of shape A.
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Example 74. All column strict tableaux of shape (4,2, 1) with weight x3x3x3x4 are

4 3 4
22 22 2 4 23
111 4] 111 3] 111 2] 111 2]

and so the coefficient of x}x3x3X4 in S(4 5.1) is 4.

Definition. A polynomial fin the variables x;, ..., xy is a symmetric polynomial if

f(X], B 7XN) = f(XUU)? cee 7XU(N))

forall o € Sy. We define An(xi, ..., xy) to be the vector space of symmetric func-
tions with each monomial of total degree n. We will always assume that N is much
larger than n.

Example 75. The polynomial
f(x1,%2,X3) = X2 + X3 + x% + 3X1Xp + 3X1X3 + 3XpX3

is a symmetric polynomial. Every monomial in f has total degree 2 and so f is an
elementin Ay(xy, X2, X3).

Definition. Let A\ = (\;,..., \¢) be an integer partition of n. The monomial sym-
metric function my = mx(x, ..., xy) is the sum of all the monomials with expo-
nents that can be rearranged to give \.

Example 76. The monomial symmetric polynomial m ;) (X1, X2, X3) is
2,1 2,1 1,2 2,1 1,2 1,2
M2,1) (X1, X2, X3) = XX + X7 X3 + XiX3 + X5X3 + X¢X3 + XpX3.

Theorem 77. Theset {m, : A - n}is a basis for A, and therefore the dimension
of Ap is the number of integer partitions of n.

Proof. The polynomials my and m,, have no monomials in common if A # p, so
the functions {m, : A - n} are linearly independent.
Iff € A, has a monomial of the form chf“ . -xz\‘ for some constant c,, then it

must also contain cxmy. Thus {m : A - n} spans A,. O
Theorem 78. The Schur symmetric functionsy € A, forall A - n.

Proof. SinceeveryelementinS,isaproductofadjacenttranspositions,itisenough
to show that sy is unchanged under the action of switching x; and x; ; for all posi-
tive integersi. So we need to show that for every column strict tableau with k occur-
rences of i and j occurrences of i + 1, there is a corresponding column strict tableau
of the same shape with j occurrences of i and k occurrences of i + 1.

Take T to be a column strict tableau of shape A. The appearances of i in rela-
tionship to the appearances of i + 1in T must look something like the appearances
of the 3’s and 4’s below:
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33 4 4 4 4
3.3 3 4 4 4
3 33333 3 4 4

Each row in T may have a sequence of i’s followed by a sequence of i + 1’s. Rows are
aligned so that an i cannot appear atop another i in the row below.

Suppose a given row of T contains a sequence of k i’s followed by j i + 1’s such
that none of these i’s ori + 1’s are immediately above or below cells containing an i
ori+ 1. Change this row of T so that it now contains j i’s followed by ki + 1’s. Make
this change for every row of T to create the column strict tableau T'. For example,
changing the 3’s and 4’s in the cells displayed above produces:

3 4 4 4 4 4
333 3 4 4
333 3 4 4 4 4 4

The new column strict tableau has the same shape as before with the number of i’s
and i + 1’s switched, as needed. ]

Variations on the proof of Theorem 78 can also be used to show that p,, hy, and
e are also symmetric functions of degree n forall A - n.

Definition. The Kostka number K} ,, is the number of column strict tableau of
shape A and content . This is the coefficientof my ins,.

The Kostka matrix is the square matrix indexed by integer partitions of n written
in reverse lexicographic order with A, u entry equal to K, ».

Example 79. The Kostka matrix with rows indexed by A (the content) and columns
indexed by p (the shape) when n = 4 is

@ Gy @) @r) 9

(4) 1 0 0 0 0
ERNR 1 0 0 0
2 | 1 1 1 0 0
(2,17 1 2 1 1 0
) 1 3 2 3 1

The astute reader can find a relationship between the Kostka matrix when n = 4
and the transition matrix between the bases {1/* : I n} and {x* : A - n} for
C(S4) given in Example 57.

The Kostka matrixis the s-to-m transition (change of basis) matrix, which turns a
linear combination of Schur functions into a linear combination of monomial sym-
metric functions by matrix multiplication.

Theorem 80. Theset {s, : A - n}isa basis for A,.

33



Proof. If A < winthe reverse lexicographic order, then the first part in which A and
1 disagree is larger in A than in p. In this case there are no column strict tableau of
shape ;i and type A. Further, Ky » = Tforall A - n. This tells us that the Kostka ma-
trix is invertible because it is lower triangular with ones along the diagonal. Since
{my : A+ n}isabasisfor Ay, sois {s) : A+ n}. O

ltwillturnoutthat {py : A+ n},{hy: A n}and{ey : A\ F n}arealsobasesis
also a basis for A,. We have now defined the five standard bases for A,,: the power,
homogeneous, elementary, Schur, and monomial symmetric functions.

3.2 Sums involving the power symmetric functions

Example 81. If {p) : A - n}isabasis,thensois {py/z) : A n}. This means any
symmetric function can be expressed as a linear combination of p)’s. For example,
doing all the gory calculations (on a computer; the computer algebra system Sage
has the ability to do symmetric function calculations) one can verify that

h(4):1@+1p(3,1) _HP(zZ) +1p(2,12) +1ID(r*)
Z(4) 23, Z(22) Z(2,1) Z(1%)

hisy = 1IE>(3,1) " 2P(2,12) 14 P4
Z3m Z2m) Z2m)
ho) = zp(zZ) 4 2P(2,12) i 6P(14)
’ 2@ Zew) 4
haay = 2028 4 12200
h Z2,2) 2(1)
h(14) = 24@
Z(14)

Phrasing these relationships as a matrix multiplication, the h-to-(p/z) transition
matrix whenn = 4is

@ Gy @) @) 09

@ [1 1 1 1 1

GHlo 1 o0 2 4
@) (o o 2 2 6
2”0 o0 o0 2 12
o o o0 0 24

This matrix is the same as the matrix which gives the value of the character ¢)* on
the conjugacy class Cy as seen in Example 57. This is the content of our next theo-
rem.

Theorem 82. We have h, = Z z//\& .

Proof. As seen in Section 2.1, w;} is equal to the number of tabloids T of shape A
such that oT = T forsome o € C,. Using this and Theorem 35, we will prove the
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theorem by proving the identity

nlhy = Z |C..|(# of tabloids T of shape A with 6T = T forsome o € C,,)p,,
pkn

= Z (# of tabloids T of shape A with 0T = T)p,,(,) (3)
oES,

where 1i(o) denotes the cycle type of o.

Count the right hand side of (3) by first selecting a permutation o € S,,. Write o
in cycle notation such that maximum integer in each cycle appears first. With the
P (o) term, for each cycle of length kin o, assign a sequence of cells of length k that
all contain the same integer c. Acknowledging the role of sums of power symmetric
functions in Polya theory, we will call this c the color of the cycle.

Lastly, select a tabloid T of shape A such thatoT = T. The choice of o, the colors
c for each cycle, and the tabloid T accounts for all terms on the right hand side of
(3).

Arrange the colored cycles of o such that smaller colors appear first and, if two
cycles have the same color, write the cycle with the smaller maximum element first.
Since T = T, the integers in each cycle of o must appear in a single row of T. Place
the cycles of ¢ into the rows of the Young diagram of A to indicate which row of T
contains the integers in each cycle. Let U be the set of objects created in this way.

For example, if o is the permutation

(7 6), (10); (123 9) (1)2 (5 2); (13 4 1), (14 8)s

where the color of each cycle is denoted by the subscript, then one U € Uf is

(13| 4 1),

(7160 (5 2)

(10); 12 3 |91 (1)2 (14 8)3

If we define the weight of U € U/ to be

W(U) - H X(the color of the cycle containingiin U)>
i=1
then by construction (3) is equalto } ., w(U).

By listing the integers in a given U € U (without parentheses) reading left to
right and then bottom to top and then recording the color of each cell in a tableau
of shape )\, each U € U is in a natural 1-1 correspondence with a pair of the form
(1,T') where 7 € S, and T’ is a tableau of shape A with nondecreasing rows. For
example, the above U corresponds to (7, T’) where

7=101239114876521341
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and the row nondecreasing tableau

2] 2
T=11122
111123 3]

These pairs are counted by n'h,,, the left hand side of (3), as needed.

This correspondence between U € Uf and the pairs (7,T’) is a bijection be-
cause the placement of the parenthesis in o can be reconstructed. Indeed, after
7 is placed into the Young diagram of shape ), there is a unique way to insert pairs
of parenthesis into each row so that the maximum element in each cycle to appear
first and cycles are sorted in increasing order according to maximum element. This
unique way is to locate the maximum integer in 7 with color c, to place that integer
and everything to it’s right that also has color c in one cycle, and to iterate. O

3.3 Rim hook tableaux

Definition. Arim hook of length k is a sequence of k connected cells in the Young
diagram of an integer partition which begins in a cell on the northeast boundary
and travels along the northeast edge such that its removal leaves the Young dia-
gram of a smaller integer partition. The sign of a rim hook p, denoted sign(p), is

(71)(the number of rows spanned by p)—1

Example 83. Arim hook of length 6 with sign (—1)3~" = +1is shown below:

Definition. Let i beanintegerpartitionofnand A = (\y,..., \¢) beacomposition
of n (a composition of nis an integer partition where the parts need not be listed in
nonincreasing order).

Arim hook tableau of shape it and content A is a filling of the cells of the Young
diagram of p with rim hooks of lengths A, ..., Ay labeled with 1,..., ¢ such that
the removal of the last i rim hooks leaves the Young diagram of a smaller integer
partition for all i.

The sign of a rim hook tableau T is a product of all of the signs of the rim hooks
in T and we let

X\ = Z signT.

Tis a rim hook tableau of shape p and content A
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Example 84. All rim hook tableaux of shape (4, 3,1) and content (3,2,2,1) are

1 ®
@ 0 t 0O
o o] | <o —o| |©

!

® 1® 11
@ o] 0o —6| |0 6e

!

Thessigns are —1, —1, 41, —1,and 41, and so XE:;;)U = -1
(431 _
Example 85. We have X(2312) = —1because
®
1@
® @

is the only rim hook tableau of shape (4, 3,1) and content (2, 3,1, 2).

Theorem 86. If \ is an integer partition and i and v are compositions of n which
are rearrangements of one another, then Xﬁ =x).

Proof. The result will follow if we can show that the order of two consecutive rim
hooks can be interchanged. Then, by interchanging consecutive parts repeatedly,
the composition i can be turned into any rearrangement v of i Therefore we take
1 to be the composition (g, - . ., i, flisr, - - -, pte) and take v to be the composition
pwith 1 and g 4, interchanged. We will prove that x;; = x; by first defining a sign
reversing involution | on the set of rim hook tableaux of shape A and content .

Let T be a rim hook tableaux of shape A and content ;s and let C be the cellsin T
that are occupied by rim hooks i and i + 1. If Cis itself a single rim hook, then let T’
be the rim hook tableau found by switching the positions of rim hooksiand i+ 1in
T within C. For example, if rim hooks i and i + 1 appearin T like this:

G
—

theniandi+ 1appearin T’ like this:
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Rim hook i + 1 lies outside (meaning north and/or east) of the rim hook i in T. If
the rim hook i + 1 still lies outside of rim hook i in T/, then set I(T) = T'. If this does
not happen (as depicted above) or if C is not a single rim hook, set I(T) = T.

Suppose I(T) # T and suppose that rim hook i+ 1 appears before rim hook i+ 1
when reading left to right in T. Since rim hook i 4 1 lies outside of rim hook i in T,
the last cell (the most south and east cell) of rim hook i + 1 must appear below the
first cell (the most north and west cell) of rim hook i in T. This situation is depicted

here:

o

Rim hook i + 1 also appears outside of rim hook iin I(T), which means that the
last cell of rim hook i must appear to the left of the first cell in rim hook i + 1in I(T).
This situation in I(T) is depicted here:

)

This shows that sign T = sign I(T) because the gap between the rim hooks i and
i+1in T spans two rows while the gap between the rim hooksiandi+1in(T) does
not. Therefore | is a sign reversing involution and

X;\L = Z sign T.

Tis arim hook tableau of shape A
and content p such that I(T) =T

By applying the same involution I to rim hooks i and i+ 1to rim hook tableau of
shape \ but with content v/, we also have

Xﬁ = Z signT.

Tis a rim hook tableau of shape A
and content v such that I(T) = T

Therefore to complete the proof we will define a sign preserving bijection B from
the set of rim hook tableaux T with content p with I(T) = T to the set of rim hook
tableaux T" with content v with I(T") = T’. This bijection will be defined on a case
by case basis.
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Case 1: Rim hooksiandi -+ 1do not share a borderinT. Since either i can be con-
sidered to lie outside of i+1orvice versa, T can be considered to have content
porv,and so we define B(T) = T.

Case 2: The cells C form a single rim hook. Define B(T) to be the tableau found by
switching the labels of i and i + 1in T" where T’ is the rim hook tableau de-
scribed in the definition of the involution I. Since I(T) = T, rim hook i 4 1 lies
outside of i in B(T), so B(T) is indeed a rim hook tableau with content v. It
follows that I(B(T)) = B(T) and, in this case, that B is a bijection.

The rim hook i + 1 lies on the outside of i in T and so the gap between these
rim hooks spans two rows in T. The rim hook i + 1 still lies outside of i in
B(T) and so the gap between these rim hooks also spans two rows. Therefore
sign T = sign B(T) in this case.

Case 3: Not Case 1or2. Rim hooksiand i+ 1share a border of length 2 or longer
in T with rim hook i + 1 snaking along the outside border of i, as shown here:

©

Define B(T) to be the rim hook tableau T created by drawing the rim hook i to
snake along the outside cells C instead of rim hook i 4+ 1 and then switching
theiand i+ 1labels. For example, the image of the above pair of rim hooks
is shown here:

Given B(T), we can easily reconstruct T, showing that B is a bijection. The
sign of the rim hook tableau changes exactly twice when turning T into B(T):
once at the first cell where rim hooks i and i 4+ 1 touch each other and once at
the last cell where i and i + 1touch. Therefore the sign of T and B(T) are the
same.
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This completes our description of the sign reversing involution | and the bijec-
tion B, finishing the proof. O

Example 87. This example illustrates the involution | and the bijection B in the
proof of Theorem 86. Suppose we wish to show

(4,3,1) o (4,3,])
X@2.20) = X232

by starting with a rim hook tableaux with content (3, 2, 2, 1), switching the order of
the rim hooks of length 3 and 2, and then switching the order of the rim hooks of
length 2 and 1.

In switching the rim hooks of length 3 and 2, the involution | pairs the first and
third rim hook tableaux as displayed in Example 84. The bijection B sends the sec-
ond, fourth, and fifth rim hook tableaux in Example 84 to

@ ! !
t 0O “2® 2 4
® ) —D —0O —D 3 ®

Then, to switch the rim hooks of length 2 and 1, the involution | pairs the last
two of the above rim hook tableaux. Finally, the bijection B sends the remaining
rim hook tableau to the rim hook tableau in Example 85.

Example 88. The matrix [x’;]# \n (listing the shapes 1 along the rows and the
content A along the columns) is

@ Gy @) @) 09

(4) 1T 1 1 1
@) |-1 0 -1 1 3
) |0 -1 2 0 2
2?1 o -1 -1 3
ay | =1 1 T =1

For example, the ;1 = (22) row and A = (2,1%) column entry is 0 because these two
possible rim hook tableaux of shape . and content \ have opposite signs:

' ® @G
oll0) —D

In what may be a surprise, this matrix is the character table for S;! (See Example
53.)

Example 89. If {p, : A\ F n}is a basis, then sois {p»/zx : A F n}, and then any
symmetric function can be expressed as a linear combination of p)’s. For example,
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doing all the gory calculations (on a computer; the computer algebra system Sage
has the ability to do symmetric function calculations) one can verify that

:]@+1p(3,1) _HP(zZ) _Hp(z,ﬂ) +]ID(14)

S

(4) Z(4) Z(371) Z(ZZ) 2(2712) 2(14)
S@Ey) = 4P@ | gPey _P@) | (Per) | oPOY
) Z(4) Z(3,1) Z(22) Z(2,12) Z(14)
Spa) = 0@ 4 qPen | HPEy | pPen |, Pey
) Z(4) @3, Z(72) Z(5,1) Zaw)

5(27171) — % + Op(3,1) -1 p(22) 1 p(2712) n 3 p(14)

I O A

_1@+1P(3,1) _HP(22) _1P(2,12) +1P(ﬂ)
Z(4) 23, Z(22) Z(2,1) Z(1%)

5(14) =

Phrasing these relationships as a matrix multiplication, the s-to-(p/z) transition
matrix when n = 4 is the same matrix as found in Example 88. So, at least in the
case n = 4, we see that this same matrix is three things at once:

1. the character table for S,

2. the matrix [x}] found by considering rim hook tableaux, and

A, pubn
3. the s-to-(p/z) transition matrix.

The next theorem proves that items 2 and 3 on this list are the same for any n. Later
we will also prove that item 1 on this list is the same as items 2 and 3.

Theorem 90. We have
nisx = Xh(o)Puo) (4)

o€Sy

forall A - n.

Proof. Looking at the right hand side of (4), select a colored permutation with col-
ored cycles in the same way as in Theorem 82, accounting for the choice of o € S,
and the p,(). Arrange the colored cycles in the same way as in Theorem 82 with
smaller colors first and then sorted by smallest maximum element. One such o is

(83 1), (129); (72); (13411510 6),

where the color of each cycle is its subscript.

With the X,’)(U) term, select a rim hook tableau of shape X and content v where
v is the composition giving the lengths of the colored cycles in o (using Theorem
86). Write down each colored cycle on top of the corresponding rim hook in the rim
hook tableau.

For example, if A = (5,5, 3) and o is as displayed above, then one object is
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Let 7 be the set of all objects created this way. The weightof T € T is

n

W(T) - Hx(the color of the cycle containingiin T)
i=1

and the sign is the sign of the underlying rim hook tableau. For example, the weight
of the T € T shown above is x;x§ and the sign is —1. The right side of (4) is equal to
>t sign(T) w(T) by construction.

We now define a sign reversing and weight preserving involution | on 7. Scan
the cells of T € T from left to right and from bottom to top, looking for the first
occurrence of either

Case A: acellxin the same rim hook as the cell immediately above x, or

Case B: acell colored c which isimmediately below the terminal cell in a ¢ colored
rim hook.

The example T displayed above falls into Case A because the cell containing 5 cell
and the cell above the 5 are both contained in the same rim hook.

Suppose we are in Case A and let x be the cell which is in the same rim hook
as the cell above x. Define I(T) to be the element in 7 created by following these
instructions:

1. Cutthe rim hook containing x at the down step between x and the cell above
X. This ends the rim hook above x at the cell above x.

2. Considerthelist of integersin the same row as x which are the same color as x.
Erase all parentheses currently found in this list and then reinsert parenthe-
ses, thereby creating cycles, in the unique manner that forces the maximum
elementin each cycle to appear first and forces cycles to be sorted in increas-
ing order according to maximum element. (This is the same idea as found in
the last paragraph of the proof of Theorem 82.)

For example, if T is the object displayed above, then I(T) is

(13} 4 }n)z
(F25); | (10-6);
(8} 3 }1)1 (12}9)1
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If T falls into Case A, then I(T) will fall into Case B because the cell x that was in
the same rim hook as the cell above x is now a cell colored ¢ which is immediately
below the terminal cell in a ¢ colored rim hook.

Now suppose T falls into Case B and let x be the cell colored ¢ which is imme-
diately below the terminal cell in a c colored rim hook. Suppose the maximum el-
ement in this rim hook below x is m. Define I(T) to be the element in T created by
following these instructions:

1. Ifxisinacycle of length 2 or greater, chop x off of the end of its cycle.

2. Extend the rim hook to include x and to include any cycles to the right of x
which have a maximum element smaller than m.

If T € T falls into Case B, then I(T) will fall into Case A because the cell x that
was the same color as the rim hook below x is now in the same rim hook as the cell
above x. Indeed, the function | on a Case B object is the inverse function to | on a
Case A object.

If T € T does not fall into Case A or Case B, then we define I(T) = T. This
completes our description of the involution I. As a second example, | pairs these
two elementsin 7

ﬁ(m‘?‘u 1804}7‘12
0| (6=s | 3 | n (6= 3
| — b} | —
415 [(2), 10, 4 ‘15)1 (2), 10,
(9), 8 -5 ‘13)1 (9 } 8 ‘5)1 (13)s

If T is not a fixed point, then | changes the sign of T because | removes exactly
one down step in Case A and introduces exactly one down step into a rim hook in
Case B. The involution is weight preserving.

Fixed points under | cannot have any rim hooks which span two or more rows
and thus all fixed points have sign +1. Fixed points cannot have a cell with color ¢
below another cell with color c and our ordering of the rim hooks guarantees that
larger colors appear in rim hooks outside of smaller colors. One example of a fixed
point is here:

(W=-9); (13)s

(8

)y (16-1i2)

2-3); (15)1 (5)2 (62| (14=130),

(Fem |

By listing the integers in a fixed point (without parentheses) and recording the
color of each cell in a column strict tableau of shape i, a fixed point under lis in a
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natural 1-1 correspondence with a pair of the form (7, T") where 7 € S, and T' is a
column strict tableau of shape u. For example, the above fixed point corresponds
to (7, T') where o is

c=11913841611272315561410

and the column strict tableau

T=12124 3
111222 2]

These pairs are counted by nls,,, the left hand side of 4, as needed. O

4 The RSK algorithm
4.1 Bumping

Definition. Let T be a column strict tableau and j an integer. The row insertion of
jinto T, denoted T « j, is found by following these rules:

Insertion rule 0. If T is the empty tableau, then T « j = .
If T is not empty, assume T is of the form shown here:

L

T/

31‘32‘ an

That is, the first row of Tisa; < --- < a, and T’ is the column strict tableau found
by removing the first row of T.

Insertionrule 1. Ifa, <j,thenT <« jis Tis the tableau with appended to the
bottom row of T.

Insertion rule 2. Ifj < an, then let ak be the leftmost entry in bottom row of T that
is larger than j. Replace ay with jand insert ay into T’. In this case we say that
j bumps ay.

Example 91. To row inserta 2 into

4
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we replace the 3 in the bottom row with a 2, the 5 in the second row with a 3, and
then place a new cell containing a 5 in the third row. Graphically we have

4 4 4|+ 5 4|5
3|5 203 5«3 2133 23
11/3/5|+2 1125 1125 1125

H > >

Shading the path of the replaced cells in this row insertion process gives

4

This path is called a bumping path. This path must start in the bottom row and
move up and weakly to the left and the integers in this path are strictly increasing
when read from bottom to top.

Theorem 92. If T is a column strict tableau and j is a positive integer, then T < j
is a column strict tableau and the bumping path for the insertion of j in T moves
weakly to the left as one proceeds from bottom to top. Moreover, if sh(T) is shape
of T, then sh(T) C sh(T <« j).

Proof. The theorem is true if applying insertion rule 0 or insertion rule 1. We there-
fore assume that insertion rule 2 was applied.
Suppose j bumps ay in the bottom row of T. The first row of T «+— jis

ay- - ak—1jakgrcc Ane

By our choice of of ay, we must have ay_; < j < ax < agyq < --- < ap, meaning
that the first row of T < j is weakly increasing.

By induction, T < ai is a column strict tableaux. Thus to show that T «+ j
is a column strict tableau, we need only show that T <« j is strictly increasing in
columns in the first two rows. Suppose thatb; < --- < by is the first row of T'.
There are two cases.

Case 1. Suppose s > k. In this case we know by > ay, so T’ < ay either bumps
by or it must bump some bs with s < k. If by, is bumped, then the first two
cells of the k-th column contains j in the first row and ay in the second row.
Sincej < ak, T <« j satisfies the column strict condition in k-th column as the
elements in the first two rows of the remaining columns are the same asin T.
Thus T < j will be column strict.

If ax bumps bs for s < k, then we know that in column k the first two el-
ements are j and by, butj < ay < by so that we satisfy the column strict
condition in column k. In column s, the first two elements are a5 and ay, but
we know that as < ax_7 < j < ak so that we satisfy the column strict con-
dition in column s. In the remaining columns, the first two elements are the
sameasinT. Thus T < jwill be column strict.
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Case 2. Suppose s < k. In this case either ay is at the end of the first row in T’ or it
must bump some b with s < k. If ay is at the end of the first row in T/, then
eitherayisontop ofjifs = k—1(in which casej < ay) or ay is on top of some
as+1 Wheres +1 < k — 1, in which case as11 < a1 < j < ak. Regardless,
T < jis column strict in the first two rows of the column that contains a.
The first two elements in the remaining columns are the same asin T and so
T < jis column strict.

If ax bumps bs fors < k, then we know column k has only one element. In
column s the first two elements are a5 and ay, but we know that as < ay_; <
j < ax so that we satisfy the column strict condition in column s. The first two
elements are the same as in T in the remaining columns. Thus T «+ j will be
column strict.

Lastly, the bumping path moves weakly to the left in the first two rows. By in-
duction, the bumping moves weakly to the leftin T" <— ay. Thus the entire bumping
path moves weakly to the left. O

If we are given T + j and the location of the cell ¢; in sh(T <« j) but not sh(T),
then we can find both T and j. To reconstruct T and find j, follow these steps to
reverse the row insertion process:

1. If the final cell inserted into T is on the bottom row, then this cell contains j
and the removal of this cell leaves T.

2. Ifkistheintegerin the final cell inserted into T, then find the rightmost entry
inthe row below k thatis smaller than k, say £. Remove the cell with k, replace
¢ with k, and repeat the process, moving down one row with each step.

Given a word wyw; - - - Wy, let
T Wy wWy= (- ((T+ W) < wp)--+) < wp

sothat T < w;---w, is the result of successively inserting w;, w,, ..., w, into T.
In such a situation, we denote Tg = Tand T = T «+ w;...w;fori =1,--- ,n. It
follows from Theorem 92 that

sh(To) C sh(Tq) C sh(Ty) C -+ C sh(Ty)

where the notation ;. C A means that the Young diagram for 1 fits inside that of A.
We also let ¢; to be the cell in sh(T;) but not sh(T;_;) fori=1,...,n.

Theorem 93. Ifw = w; - - - w, is a word of length n > 2 with lettersin {1,2,...},
then

1. ifwy < -+ < wy, then ¢y is strictly to the right and weakly below ¢; for all i,
and

2. ifwy > - > wy, then ¢y is strictly above and weakly to the left of ¢; for all i.
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These conditions are pictured below:

=
[ ] ¢ |
L -

Cy | C3 Cy

C3
C4 | Cs C2
@Tc] ]

Thecaseofw; <w, < --- < wy. The caseof wy > wy > -+ > wy.

Proof. By induction itis enough to prove either statement by considering only the
casen = 2.

We prove the first statement by induction on the size of T. If ¢y is in row 1 (which
would be the case only if insertion rule 1 were used in T < w;), then w; is at the
end of the row in T;. Since w; < wj, the integer w, is placed at the end of the first
row of Ty in the insertion Ty <— wj. In this case, c; is clearly strictly to the right and
weakly below ¢;.

Suppose the bottom row of T containsa; < --- < ajandw; bumpsa,inT < w;.
By our choice of ay, we have ax_; < w; < ax and wy is in the k-th cell of row 1in Tj.
This means that in the insertion T; < ws», either (i) w; is placed in the end of row 1
or (ii) w, must bump as where s > k. In case (i), our result follows since the cell ¢; is
the new cell created by T < ay and we know the that bumping paths move weakly
to the left by Theorem 93. In case (ii), the result follows by induction since ¢; and
C, are the cells created by the insertion T’ < ayas and ax < as. This completes the
proof of the first statement.

The proof of the second statement is similar and is left to the reader. O

4.2 The Pierirules

The Pierirules, found in Theorem 95 and Exercise 29, give a nice description of how
to expand the products h,s,, and es,, into a sum of Schur symmetric functions.

Definition. Forinteger partitions and A, let \/ i be the cellsin the Young diagram
for A but not those in p. This is type of object is called a skew shape. We say that
skew shape A/ is a skew row if A/u has no two cells in the same column and A/
is a skew column if no two cells of A/ lie in the same row.

Example 94. If A\ = (8,5,3) and pu = (5,4, 1), then the skew shape \/p is shaded
in the diagram below:
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In this example, A/ is a skew row.

Theorem 95 (The Pieri rules). For any partition yand foralln > 1,

hns, = Z Sx.

A/ is a skew row
with n cells

Proof. We begin with the expansion of h,s,,. Let H, , denote set of all pairs (S, T)
where S is row nondecreasing tableau of shape (n) and T is a column strict tableau
ofshape . Let SR, ,, denote the set of all column strict tableaux P such thatsh(P)/u
is a skew row of size n. The statement of the theorem is equivalent to

Yo wew(m= ) w(P)

(S,T)EHH),‘, PGSRn,u

where w(Q) is the usual weight for column strict tableaux.

We claim that the row insertion algorithm allows us to give a weight preserving
bijection ¢ : H,, — SR, ,. Thatis, given a pair (S,T), leta; < --- < an be the
elements of S, reading from left to right. We define §(S,T) = P =T « ay...an.
By the first statement in Theorem 93, we know that if A = sh(P), then A/ is skew
row. Moreover, we know that in the insertion of a; . . . a, into T, the new cells where
created from left to right. This allows us to reverse our steps, showing that # is one-
to-one.

To show that 6 is bijection, it remains to be shown that 6 is surjective; that is,
we must show that if P is any column strict tableau such that sh(P)/u is skew row
of size n, then there exists a sequence a; < --- < a, and a column strict tableau T
of shape ppsuchthatP =T« a;...a.

If P did come from an insertion of the form T < a;---a, wherea; < --- < a,,
then we know that new cells were created from left to right by Theorem 93. Thus
we can reverse the process by first doing the reverse row insertion on the rightmost
cell of sh(P)/u. Thus P = P; < a, for some column strict tableau P; such that
sh(P;)/p is skew row. Next we reverse the row insertion for P; using the rightmost
cell of sh(P;)/u. Thus Py = P, + a,_j so that P = P, « a,_jan. Continuing on in
this way, we will obtain a sequence a; - - - a, and a column strict tableau of shape
suchthatP =T+ a;---a,.

For example, suppose p = (4,2,1), A = (5,4,2,1), and P is the column strict
tableau shown below

)

where we have shaded the cells in \/u. We illustrate the idea of reversing the row
insertion process by first undoing the row insertion of the bottom 4, then undoing
the row insertion of the right most 3, and so on.
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4 4 4
3 314 3
21213 3 2123 2
112 2|«4 112 /3]« 24 113 3| « 224
3
24 314
123 3] « 1224 2 23/3]| « 11224
The question of why ay, - - - , a, is weakly increasing remains. Appealing to the

second statement in Theorem 93, if a; > aj;; for some j, then the new cell ¢j14
created by the insertion of aj;; into T < a;-- - a; is strictly above and weakly to
left of the new cell ¢j created by the insertion of aj into T < a;---aj_;. But this
is not what happens in our process—in our reverse process, Cjy; is strictly to the

right and weakly below c;. Hence there can be nosuchjandsoay, - - - , a, is weakly
increasing.
This now proves that @ is a bijection, as needed. O

Theorem 96. For all i - n, we have

h‘u :ZK)MIJS)\' (5)

Abn
This gives the entries of the h-to-s transition matrix.

Proof. The result follows immediately from iterating the Pieri rule for the homoge-
neous symmetric functions.

Thatis, suppose p = (1, . . -, pix). Thenh,,, = s(,,.); we can place I’s in the cells
of the shape (1). Using the Pieri rule to multiply h,,s(,,), we find all s, such that
A/ (1) is a skew row. For each such A, place 2’s in the cells of A/(u1). It follows that
h,.,S(.,) €quals the sum over all all sy such that the shape A is the shape of column
strict tableau T of weight x| x5?.

Foreach such A\, we can use the Pierirule again tofind h,,s. We mark each new
cell added to A with a 3. Then h,;;h,,,s(,,,) equals the sum over all all ss such that
the shape 4 is the shape of column strict tableau T of weight x}"'x5?x5*. Continuing
in this way proves the theorem. O

Example 97. Below we display the h-to-s transition matrix for all integer partitions
A4
hw han hey hewy hesy
S(a) 1 1 1 1 1

NER)) 0 1 1 2 3
$(2,2) 0 0 1 1 2
ey 0 0 0 1 3
S(4) 0 0 0 0 1
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Forexample, h, 12y columnin the above matrixis determined by these column strict
tableau:

3]
3 2 23 2
[11 2 3] 112 113 11 1

Itis no accident that this exact same matrix appears in Example 57.

4.3 The full RSK algorithm

We now present the RSK algorithm. It is named after Gilbert de Beauregard Robin-
son, who first described an algorithm equivalent to bumping, Craige Schensted
who described the algorithm for permutations, and Donald Knuth, who extended
the algorithm from permutations to matrices.

Algorithm. The inputis a nonzero nonnegative integer valued matrix A.
1. Begin with P and Q as empty column strict tableaux.
2. Let (i,j) be the topmost and then the leftmost nonzero entry in A.

3. Change P to P < j, thereby adding one cell to P. Add a cell containingito Q
in the same position as the cell that was added to P.

4. Change A by subtracting 1 from the (i, j) entry.
5. If Ais the zero matrix, stop. Otherwise, go back to step 2.

The output is the pair (P, Q).

Example 98. Consider applying RSKto A = P 2 0}. Starting at the top left

3 0 1
entry of A and moving across each row, the first nonzero entry is at (1,1). After ini-
tializing P and Q to be empty, steps 3 and 4 give

P=[1] Q=[1]

Iterating until A is the zero matrix, we have

o=[1]1] =3 5 3

>
I
—
w o
o N
- O
—

0O 0 O
o-ii] A=l g ]
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P:i12| Q:211| A::gg?:’
P:iilq Q:fflq A:_gg?:’
Pl Chaan -lo o ¢

The output of applying RSK to A is the pair (P, Q).
An alternative way of thinking about RSK is to consider the word of pairs

W(A):ch q2 ... On
P1 P2 ... Pn

obtained by reading the rows of the matrix A from left to right starting at the top
row and ending at the bottom row where for each a;; > 0, we write down a; j pairs

of the form JI We call w(A) the bi-word of A. For example, if A is the matrix of our

example, then
1T 11 2 2 2 2
WA =1 5 5 7 1 T s
Then Pis found from @) < p; - - - pn. The matrix P is sometimes called the inser-
tion tableau. We then use the elements of q; . . . g, to record the growth of P. That
is, if ¢j is the new cell created by the insertion (() < p; - - - pi_1) < pi, then we place

gi in cell ¢; of Q. The matrix Q is sometimes called the recording tableau.

Theorem 99. The RSKalgorithmis a bijection between nonnegative integer valued
matrices A and pairs of the form (P, Q) where P and Q are column strict tableau of
the same shape.

Proof. Suppose that
W(A):q] op] 0 0On
Pr P2 -+ Pn
The shapes of P and Q are the same by construction. By Theorem 92, P is a
column strict tableau. Moreover, our construction ensures Q is weakly increasing
in rows and columns because at any stage, the new cell attached to Q contains a
letter i which is greater than or equal to all the previous letters added to Q.
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Thus to prove Q is column strict, we need only show that for any letter i, no two
i’sinthe Q can lie in the same column. But this is an immediate consequence of the
first statement in Theorem 93. That is, the elements corresponding to the i-th row
of Awere inserted in weakly increasing order because when we created the word of
A, we read the elements form left to right. This insures that if gsqs41 - - - q¢ is block
ofi’sing;...qn,thenps < - < pt. But then by the first statement in Theorem 93,
new cells which were created by the insertion

(0 4 pr--Ps—1) < Ps- Pt

where created from left to right and form a skew row. Thus no two isin Q can bein
the same column so that Q is column strict.

It follows that we can read off the the order in which the cells were created in P.
That s, for any fixed i, we know by the first statement in Theorem 93, the cells were
created from left to right. Thus the last cell ¢ that was created in P corresponds to
the right-most cell which contains the largest elementin Q. Because we can reverse
the row insertion algorithm starting at cell c, it follows that we can reconstruct A
from P and Q.

At this point we know that the correspondence A — (P, Q) is an injection, so it
remains to be shown that it is also a surjection. That is, we must show that if P and
Q are column strict tableaux of the same shape, then there is a non-negative valued
matrix A such that RSK sends A To (P, Q).

The idea is that given (P, Q), we can reverse the bumping process as if came
from inserting a bi-word of a matrix A. That is, for each i in Q, we assume that the
cells containing i were created from left to right. This allows us to reconstruct a
bi-word

9 92 -+ On
Pi P2 - Pn

by successively reversing the bumping process in P using the cell that contains the
largest and then right-most element of Q.

For example, suppose we wish to undo the bumping process for the pair (P, Q)
shown below:

P= Q=

113 4] 112 2]

We begin by locating the largest integer in Q. If there are ties, select the rightmost.
In this example, the rightmost 2 in Q is chosen. Then we undo row insertion in P,
remove the cellin the same position as Q, and then record this move in the bi-word.
This process looks like this:

2| 4 212
P = = wW(A) =
113 Q 112 (A) 4

N

52



2 4 212 2 2
2 2 2 2 2
P = = w(A) =
14 Q 11 (A) 1 3 4

v}
I
8
@)
Il
-
=
<
>
2
I
N =
- N
- N
w N
SN

1T 1 2 2 2 2
2 4 1 1 3 4

Itonly remainsto be shown thatforeachi,ifqsqs1 - - - grisblockofi’sing; - - - qn,
then ps < --- < pt. Just like in the proof of Theorem 95, we can use the second
statement in Theorem 93. That is, p; > pj;1 forsomes < j < j+1 < t, then by
Theorem 93, the cell ¢4 created by inserting pj;1in () <— p; - - - p would be strictly
above cell ¢j created by pjin § < p; - - - pj_1. But by construction, ¢j 4 is strictly to
the right and weakly below ¢; so that there can be no suchj.

This shows that RSK is bijection from the set of all non-negative integer valued
matrices A onto the collection of pairs of column strict tableaux (P, Q) of the same
shape. O

Theorem 100. For all o, 3 F n, let NV, 3 be the number of nonnegative integer
valued matrices A with row sum « and column sum /3. Then we have

[Sa|Nag = Z (the number of tabloids T of shape 3 fixed by o).

oES,

Proof. The left hand side of the identity counts pairs (o, A) whereo € S, and Aisa
nonnegative integer valued matrix with row sum « and column sum g.

Let A’ be the matrix A with the integers in A replaced with the sets in a set par-
tition of n by labeling from top to bottom and moving left to right, replacing the
number k in A with a set of k consecutive numbers. For example, if « = (3,3,2)
and 8 = (3,2,2,1), then one matrix A is

3
A= |0
0

—_ - O
o N O
— O O
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For this example matrix A, the matrix A’ is

{1,2,3} 0 0 0
A = 0 {4} {5,6} O
o {1} o {8

Create a tableau T of shape 3 by

1. filling the bottom row of a tableau with the integers found in the first column
of A’ read top to bottom and then filling the next row of with the integers in
the second column of A’, etc, and then

2. permuting the integers in the tableau using the permutation o € S,.

For example, if the permutation ¢ = (12 3)(4 5), then the tableau T corresponding
to the matrix A’ shown above is

T =

N o b

1

Let 7 be the permutation in S, which makes the tableau T/ = 7T a tabloid (so
that the rows of T’ are increasing). In the running example, 7 = (13 2). With this
construction we have turned the pair (o, A) into the pair (7, T') where T’ is a tabloid
of shape g which is fixed by 7.

This process is a bijection. Indeed, given a pair (7, ') where 7 € S, and T is
a tabloid of shape /5 which is fixed by 7, we can reconstruct o and A by first finding
T=7T.

Then, if & = (a4, aa,. .. ), create a matrix of sets A” by writing the smallest o,
numbers into the rows of T in the first column of A”, then writing the next smallest
o, numbers into the rows of T in the second column of A”, and so on.

For instance, in our running example T is the tableau displayed earlier in this
proof and &« = (3,3,2). This means that the matrix A” should have the integers
1,2, 3 appearing somewhere in the first row, the integers 4,5, 6 appearing in the
second row, and the integers 7, 8 in the third row. Our construction gives

{2,3,1} o0 0 0
A = 0 {5} {4,6} 0O
o {1 o {8

because the 2,1, 3 integers appear in the first row of T and therefore appear in the
first column of A”, the 5 and 7 appear in the second row of T and therefore appear
in the second column of T, etc.
Then let o be the permutation which changes A’ into A”. In the running example,
thiso = (123)(45). Finally, create A from A’ by turning each set in A’ into its size.
Therefore we have shown that the number of pairs (o, A) is equal to the number
of pairs (7,T). Since the summation allows for the choice of 7 and the choice of
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T is given by the number of tabloids T of shape f fixed by o), the pair (7,T) The is
counted by the right hand side of the identity in the statement of the theorem. [

Theorem 101. Foralla, 3+ n, we have (¢*, %) = Z Kx.aKag-
Abn

Proof. Since ¢* = XWEL by (Theorem 60), we can use Frobenius reciprocity (The-
orem 40) to see that

o B8 1 1T§r[‘3lsn
(0% =(x',x i
S

1 |
- Y

0ESy

o

= — Z (the number of tabloids T of shape § fixed by o).

Theorem 100 says that this last sumis equal to \V,, g, the number of nonnegative
integer valued matrices A with row sum o and column sum £3. If we restrict RSK to
these matrices A as input, then the output is pairs of the form (P, Q) where P has
shape A and content « and Q has shape X and content 3 for some A F n. These

pairs are counted by
Z Kx,aKa 8,

Abn
as needed. O

Definition. Define x* to be the character of the representation found in ) (this is
the representation 113" ) but not found in ¢)* for any . < A (here we are using the
reverse lexicographic order on integer partitions).

We remark that the notation xﬁ has already been defined to give the number of
rim hook tableaux of shape X and content 1 and here we are defining x* (without
any subscript) to be the character of a representation. These two ideas will even-
tually be shown to be the same, but for this section we are thinking of x* as the
character of a representation.

Example 102. Let us find x* forall A = (4),(3,1), and (2,2). We begin with A =
(4), where we see that

7
X(4) = ’[Z)(4) = X S(n) = X1 = 1

and so x(* is the trivial representation.
The next integer partition is (3,1). Using Theorem 101, we see

(550, = (45, 59 = ™Ky 5o = Ko =
Abn
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This sum collapsed down to one term since the only column strict tableau of shape
A and content (4) is a row of all 1’s (which is when A = (4)). Therefore we define
x3" to be the character which satisfies /3" = x4 y(4); in other words, we

have
X@U:¢@U,XW‘

Is this character irreducible? We see that
<x(3’”,x<3">> _ <¢<3,1> RV ORTCHI X<4>>
_ <¢(3J)’w(371)> 1

- Z K%\,(3,1) =1

AbFn

= K. an Ky an 1

Since there is only one column strict tableau of shape (3,1) and content (3, 1) and
there is only one column strict tableau of shape (4) and content (3, 1), this inner
product is 1, showing that x 3 is indeed irreducible.

We can continue this process with the integer partition (2,2). We see

<1/J(2’2)7X(4)> = <7/)(2’2)71/)(4)> = Z Kx,2,2Kx,4) = K@y, 2,2)
An

and we see

(22) LGN — [p22) @D (8
(p@2,x GV = (92, @D @)

= Z Kx,2.2Ka @) — Z Kx,2,2)Kx,4)
AbFn Abn

= Kan.2Ken.en T KaeyeoKae,cn — Kae),@2)Ka),e
= K@za),(2,2)-

Therefore we define x(2:2) to be the character which satisfies

¥ =Ky, 22X + Kan.ex®) + x*?;
in other words, we have

X(2~,2) — 1/)(2,2) _ (4)

Ka.22X® = Kan.eax®".

By finding the inner product of x(»2) with itself it can be shown that this character
isirreducible.

Theorem 103. For o - n, we have

a. x?isirreducible for all 5 + n, and
b. <’l/)a,XB> = K57a.
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Proof. We prove this by induction on the reverse lexicographic order on integer par-
titions. To begin, we see that (") is the trivial representation and is therefore irre-
ducible.

Now assume that x* is irreducible and that (), x*) = Ky o forall A < 3. We

have that
X =07 =3 Kaax,
A<

and so, with the help of Theorem 101, we have

(X" x") = <wf” = Kaax M’ =Y KA,BXA>

A< B ALB
=Y Ks-2) K+ Ky
AFn A<B A<B

w2
=Kz

which is equal to 1. Therefore x? is irreducible.
As for the second statement in the theorem, we see

(¥, xP) = <¢a,¢ﬁ - Z K/\,BXA>

A<p
= Z Kx,aKr,g — Z Kx,5Kxa
AFn A<p
= Kg,aKgs,s,
which is equal to Kz , as needed. O

5 The Frobenius map

Definition. Let C(S,) be the class functions for the symmetric group S, and let 1,
be the element in C(S,) such that

1(()_)_ 1 ifoeCy
A )0 otherwise.

The Frobenius map F is a linear map which sends symmetric functions of degree n
to class functions in C(Sy) defined by

F(pa/zx) = 1a

where zy = n!/|C,|. Since {px/z) : A F n}and {1, : A F n} are bases for their
respective vector spaces, the Frobenius map Fis invertible.

Theorem 104. If ) is the value of »* on the conjugacy class C,,, then
F(hy) = ¢
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Proof. By Theorem 82,F(hy) = 3= . ¥,F (%) =3 ¥aly =N O

Theorem 105. Let \* be the character of the irreducible representation corre-
sponding to A - n. (This is the character as seen in Theorem 103.) Then

F(sy) = x*
where s, is the Schur symmetric function.

Proof. Using Theorem 96, Theorem 104, and the second statement in Theorem 103
in sequence, we see

D KauF(sa) =F(hy) = 9" = > Kyux™

Abn AFn

Since both {sy : A = n}and {x* : A F n} are bases in their respective vector
spaces and since the Frobenius map sends basis vectors to basis vectors, it must be
the case that F(s,) = x*. O

Theorem 106. The value of the irreducible character y* on the conjugacy class Cy.
is equal to X[\“ the signed sum of all rim hook tableaux of shape A and content .

Proof. The statementin Theorem 90 can be rewritten as

The theorem is proved by applying F to the above and using Theorem 105. O

6 Hooks

The amazing Theorem 106 allows us to find the value of the irreducible character
x> on any conjugacy class we like by finding rim hook tableaux. In the special case
where the conjugacy class . = (1,...,1), this implies that the degree of the irre-
ducible representation corresponding to A is the number of standard tableaux of
shape \.

The number of standard tableaux of shape A can be a large and unwieldy! For
this purpose there is the beautiful hook length formula. It provides a quick and easy
way to find the degree of the irreducible representation corresponding to \.

6.1 The major index for tableaux

Leto = o7 - 0, be a permutation. If we let Des(c) be the set of indices i for which
oi > oit1, then the descent and major index statistics can be written as des(o) =
[Des(o)| and maj(o) = 3 icpes(o) I- We can adapt these definitions for standard
tableaux.
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Definition. If T is a standard tableau, we define Des(T) to be the set of indices i
such thati + 1 appearsin a row above i. The descent and major index statistic for
standard tableau are defined by des(T) = [Des(T)| and maj(T) = > icpesr) I-

Theorem 107. Forall A - n,

1 A
sx(1,9,9%,...) = maj(T)
S R (B o E =) DL

where ST, is the set of standard tableaux of shape \.

Proof. Let sum(T) denote the sum of the integers in a tableau T. It can be proved
that sy = > pcpes, W(R) where RCS, is the set of reverse column strict tableaux
(these are tableaux where the integer labeling weakly decreases in rows and strictly
decreases up columns). Therefore s)(1,q',q?,...) is equal to 3 g**™®~" where
the sum runs over all R € RCS,.

This says that we describe the left side of the identity in Theorem 107 by consid-
ering reverse column strict tableaux filled with the integers 0, 1,2, . . .. Forexample,
one object counted by this sum is here:

6
127775

The rosr, qm3(™ term can also provide us with a reverse column strict tableau
by reinterpreting the major index statistic in a standard tableau. For example, sup-
pose we let

1011

T =

123 4 6|

The major index for Tis 4 4+ 6 + 7 + 9 (the descents are indicated in red). We can
create a reverse column strict tableau T’ by taking index i that is a descentin T and
adding 1to each cell in T with a position that is less than i. Doing this for the above
example gives

100
1
4 4 3|

T =

This process will not give us all possible reverse column strict tableaux filled
with arbitrary integers since by our construction T must have a 0 in top row and
since i must appear in T" wheneveri + 1appearsin T'.

We can now use the 1/((1 — q)(1 — g?)--- (1 — g")) term in 107 to change T’
into an arbitrary reverse column strict tableaux. Interpret this term as providing an
integer partition p with exactly n parts (with parts of size 0 allowed). We can use
to increase the integers in T’ by increasing cell i in T with p;.

59



For example, if n = (8,3,3,3,3,2,2,2,2,0,0), then using p to increase the T/
shown above gives

0
6 4 3
1277 75|

This process is reversible as the tableau T and the integer partition i can be recon-
structed from this resultant tableaux. This proves the theorem. O

6.2 Hooks

Let A\ be an integer partition of n. The hook of a cell c is the “L” shaped subset of
cells in the Young diagram of A consisting of the cell c, all cells to the right of c and
in the same row, and all cells above c and in the same column. For example, the
hook of a cell cis shaded in the Young diagram below:

We define the hook length of the cell ¢, denoted h(c), to be the number of cells in
the hook of c. Below we have filled each cell c in the Young diagram for the integer
partition (6, 5, 3,2) with its hook length h(c):

O | NN

1
3
6 421
8 4131

Theorem 108. Forany A = (A, \,...) Fn,

1
—0- A\ —1-Ap—--+ 2 _ I |
q S)\(anqa"')_ '|*qh(c)
cEA

where the notation ¢ € A means that cis a cell in the Young diagram for \.

Proof. As seen in the proof of Theorem 107, sx(1,4,%,...) = Y 1ecs, 9™
where sum(T) denotes the sum of the elements in T. Use the factor of g~" in this
sum to subtract 1 from each integer in T € CSy and use the q=%» =%~ term to
subtract (i — 1) from each integer in row i of T. This process changes each T € CS,,
into a tableau filled with nonnegative integers such that

1. the integers weakly increase when reading bottom to top within columns,
and
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2. theintegers weakly increase when reading left to right within rows.

Atableau which satisfies the above conditions is called a reverse plane partition.

Let RPP,, be the set of reverse plane partitions of shape A. Given any T € RPP,,
let T. be the nonnegative integer found in cell c. By defining the weight of T € RPP),
to be W(T) = [Tcaiscint 4'c> We now have

S)\(1aq7q27"'): Z W(R) (6)

RERPP,

—0- A —T1-Ap—---

q

Let T, denote the set of tableaux of shape A, filled freely with nonnegative inte-
gers. Looking at the right side of the equality in the statement of the theorem, write
each term in the product [J ., 1/(1 — q"©)) as a geometric series and expand, se-
lecting a term of the form (q"(©))! for each ¢ € \. Record the choices of i made for
each cell by placing aniinto cellcin atableau T € T,. By defining the hook weight
of T€ Tytobehw(T) =[] ("), we now have

cellscinT

1
11 A @) = > hw(T). (7)
cEN TETA

Comparing equations (6) and (7), we see that the theorem can be proved by
defining a bijection ¢ : RPP, — T, such that w(R) = hw(p(R)) for allR € RPP,.
Thebijection we will describeis an algorithm to Abraham Hillman and Richard Grassl.

The input to the algorithm is an element R € RPP, with not every entry equal
to 0. Theimage of Ris the element T € T, found by following these steps:

1. Begin with T the tableau of shape A with all entries 0.
2. Locate the most north west nonzero element in R, say it lies in cell c.

3. Create a path P which moves down and to the right in R by starting at cell c.
The next step in P will move down if the cell below the current cell c contains
the same integer as c and the next step in P will move to the right otherwise.
Then, after moving to the new cell, change the value of c to be the integer in
the current cell. Continue creating P by moving down and to the right in this
manner until no more moves are possible.

4. Subtract1from each cellin R that lies on the path P.

5. If Pbeginsin columnjand endsin row i, then add 1to the row i, columnjentry
of T.

6. If R contains a nonzero entry, go back to step 2. If R contains only 0’s, then
the output of the algorithm is T.

We give an example of this process below, where the appropriate path Pis shaded
in each step:

61



3|3
R= 3 T=
01 2
2|2 0|00
R=[1]1 T=
01 2 0
11 0
o/1 1 1 1/0/0
1 0
0 2
b
02 0/0/|0
R = 0 1 T=]1 10
0/0|0 2,010
b
1 0|0
R= T=|1 1
00 210
00 0 0/ 01
R= T=|1]1
210 0

This algorithm moves from left to right down the columns of R, so the last entry
added to T lies in the right most nonzero column of T. Furthermore, the weakly
increasing rows and columns in R force the last entry added to T to appear in the
bottom entry of this column. Therefore, since the the last increased cell in T can
be identified, this algorithm is reversible: given a pair R, T, recreate the path P by
traveling up and to the left, moving up whenever neighboring entries in different
rows are equal and moving left otherwise.

The algorithm is a bijection since it is reversible. The algorithm is also weight
preserving since at any step in the algorithm we have w(R) = hw(T) by design. [
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Theorems 107 and 108 combine to give the following corollary.
Corollary 109. Forany A = (M, Az, ...) F n,we have
Z qmaJ(T) [ } ! qo>\]+1>\2+...
[eea l(©)q
where ST, is the set of standard tableaux of shape A.

Proof. Comparing the expressions forsy(1,q,g?, ... ) in theorems 107 and 108,

! maj(T 1 0N +1 A0+
E q q
(1-a)(1-q?) ) &5 " Tleer(1— ")
The corollary follows by solving for "1 .sr, g™ and simplifying. O

Let f* denote the number of standard tableaux of shape A - n. Takingq = 1in
Corollary 109 gives that

n!
[Teexhlc)
for any A F n. This identity, which gives a wonderful way to find the number of

standard tableaux, is known as the hook length formula. For example, instead of
calculating f3:2) by listing the standard tableaux below

= (8)

415 35 314 25 2
30 1(2)47) 1.2 5/ 1.3 4/ 1/3|5)

we can instead use the hook length formula to see that f(3?) = 5!/(4.3.2.1.1) = 5.

Since we proved the hook length formula in a somewhat roundabout way, the
intuition giving why the formula is correct may not have been fully formed. To gain
insight, consider the following incorrect, but enlightening “proof” of (8):

Proof. (incorrect!) Randomly place the integers1,. .., ninto the Young diagram of
shape A\  n to create a tableau. Such a naive filling will be a standard tableau
exactly when each cell cis the smallest of the integers in its hook. The probability
that this happens forany given c € \is1/h(c). Therefore the probability of creating
astandard tableauis 1/ ] ., h(c).

There are n! random placements of the integers 1, . . ., ninto the Young diagram
of shape A, so the number of standard tableaux f* is equal ton!/ [T ., h(c). O

Theerrorin the proofis that the probability of one cell c; € A being the smallest
integer in ¢;’s hook is not independent from the probability of a second cell ¢, € A
being the smallest in c,’s hook. Because the probabilities are not independent, we
cannot simply multiply them together in order to find the probability of creating
a standard tableau. Strangely, however, since the hook length formula is indeed
true, the probability of creating a standard tableau by randomly placing the inte-
gers1,...,nintoaYoungdiagramis1/]].., h(c) nevertheless!
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7 A summary of the main results

These notes introduce the representation theory of the symmetric group. Chapter
1 introduces matrix representations for a finite group G. The key results:

1. Every group action gives rise to a representation (Theorem 4).

2. Every representation is similar to a direct sum of irreducible representations
(Theorem 17).

3. The inner product of the character of a representation A with the character
of an irreducible representation B gives the number of times B appears in A
(Theorem 44).

Therefore, if we know the characters of all of the irreducible representations of
G, then we can take inner products to find out exactly how any given representation
breaks up into irreducibles. This is why character tables are useful.

Chapters 2 through 5 specialize the results of Chapter 1 to the symmetric group,
with the goal of finding all of the irreducible representations and then to give a nice
combinatorial description of their characters. Much depends on understanding the
combinatorics of tableaux, with the most relevant type of tableaux being tabloids,
column strict tableaux, and rim hook tableaux.

The action of S, on tabloids of shape 1 gives the representation 1T§TL, the rep-
resentation with character ¢* (Theorem 60). As the integer partition p varies from
(n) to (1") in the reverse lexicographic order, this representation contains copies of
each of the irreducible representations of Sy, gaining exactly one new irreducible
representation at each step (Theorem 103). This is how we defined the irreducible
character y*.

Since tableaux are central to the theory, symmetric functions play a significant
role since they may be considered multivariate generating functions for tableaux.
The connection between the vector space of symmetric functions and the set of
functions which are constant on the conjugacy classes of S, is made explicit by the
Frobenius map.

The Frobenius map turns any relationship between the Schur, homogeneous,
or p,/zx symmetric functions into a statement about the irreducible characters
x*, the characters ¥*, or the indicator function 1, for the conjugacy classes of S,.
This map is the bridge which allows us to use symmetric functions (and therefore
tableaux) to understand the irreducible characters of S,,.

In particular, the s-to-p/z transition matrix is the character table for S,,. Thus,
by Theorem 90, the character table for S,, can be constructed by looking at rim hook
tableaux. These characters are the traces of the irreducible representations of the
symmetric group, given by the Specht matrices S*.

Finally, the hook length formula provides a quick and easy way to find the de-
gree of each irreducible representation.
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8 Exercises

1. What if we relax the definition of a matrix representation X to not require X(g) to
be invertible? This exercise gives the answer.

a. Let Ebe ann x n matrix over C such thatE # I, E # 0, and E? = E. Show
that there isan n x n matrix T such that

kO
E=T |:0 O}T

for some k.

b. Let G be a group and X be a function mapping G into the set of (possibly sin-
gular) n x n matrices over C such that X(¢) # 0 and X(gh) = X(g)X(h) for all
g, h € G. Show that thereis an n x n matrix T and a matrix representation Y

of G such that ©
_ 11 |Y(e) O
X(g)=T { o 0} T

forallg € G.

2, Foro = o070, € S, written in one line notation, inv ¢ is the number of pairs
i < jsuchthatoj > ;. Definesigno = (—1)"™" 7. Show that switching the position
of any two integers in o changes inv ¢ by an odd number. This fact implies

sign(o7) = sign o sign 7

where 7 is any transposition. Since any permutation can be written as a product of
transpositions, this means that the sign representation X(o) = sign(o) isindeed a
matrix representation of S,.

3. LetG = {g,...,gn} be afinite group. The right regular representation R is the
representation given by the action of G on itself by right multiplication. That s,

1 ifgg=g,
R(g)ij =
(8): {O otherwise.

forall g € G. Let L be the left regular representation. Show that L(g)R(h) =
R(h)L(g) forallg,h € G.

4. LetXbearepresentation of Hand H < G. Show that the induced representation
XTﬁ is indeed a representation.

5. Show that if X is a representation of Kand K < H < G, then X1 and (Xt})15
are similar.

6. Give an example of a degree 4 representation for S; which does not have the
trivial or the sign representation as an irreducible component.
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7. This exercise shows that many of our results do not hold over arbitrary fields.
Let X be the representation of Z3 = {0, 1,2} defined by

-1 1
-1 1.
Show that X is reducible over C but not over R.

8. This exercise shows that many of our results do not hold for infinite groups.

a. Let G be the infinite group R™ (the only time we will use an infinite group)
with the operation of multiplication. Show that the function X defined by

X(x) = [hlx (1)}

forallx € R is anirreducible representation.

)

is an X-invariant subspace of C2, showing Theorem 19 does not hold. Where
in the proof of Theorem 19 do we use the finiteness of G?

b. Show that

9. Let X be a representation of G. Show that each eigenvalue of X(g) is a root of
unity. Use this to show that x*(g™") = x*(g) forall g € G.

10. Let C, be the conjugacy class for ¢ in the alternating group A,.

a. Show thatifthereisar € S, \ A, such 7 and o commute, then

Cy = {a € Sy : 0 and a have the same cycle type}.

b. Show thatifthereisnor € S, \ A, such that 7 and o commute, then
{a € S, : o and « have the same cycle type}

is the disjoint union of equal sized conjugacy classes C, and C13)5(12)-

11. Prove that if X and Y are representations of G such that X is degree 1and Y is
irreducible, then X ® Y is also an irreducible representation.

12, LetXbeanirreducible representation of S, and let A, be the alternating group.
Show that X|}" is reducible if and only if x*(c') = sign(o)x*(c) forall o € S,

13. LetXbeanontrivialirreducible representation of G. Show that 3, X(g) = 0.

14. Let N be a normal subgroup of G and let Y be a representation of G/N. Show
that the representation X of G defined by X(g) = Y(gN) isirreducible if and only if Y
isirreducible.
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15. Showthata group G hasanontrivialnormalsubgroup N (thatis, Gisnotsimple)
if and only if there is a nontrivial irreducible representation X of G such that x*(g) =
X! (¢) forsome g # .

16. Letfixed(o) bethe number of fixed points (the number of one-cycles)ino € S,,.

XN eyx—x
nl o 1—x

a. Use the exponential formula to show that Z Z yfixed(e)
n=0 o €S,

1
b. Use part a. to show that = Z fixed(c)? = 2forn > 2.
T oES,

c. Show that the defining representation for S, breaks up into two irreducible
representations. Conclude that the function x : S, — C defined by x(o) =
fixed(o) — Tis the character of an irreducible representation of S, forn > 2.

17. The dihedral group Dy is generated by a = (123 4) and b = (12)(3 4). Find
the character table for D,4. (It may be useful to use Exercise 14 with the normal sub-
groups generated by a and by ab, a%b.)

18. Thequaternion group Qisgeneratedbyc = (1234)(5678)andd = (1836)(2745).
It can be checked that c* = d* = (1), ¢? = d?, and cd = dc3. Note that Q contains
exactly one element of order 2, namely c2, where the dihedral group D, contains at
least two elements of order 2, namely the a% and b in Exercise 17. Therefore Q and
D4 are not isomorphic.

Find the character table for Q. (It may be useful to use Exercise 14 with the nor-
mal subgroup generated by ¢2 = d? = (13)(24)(57)(6 8).)

19. Let x(V, ..., x( be the characters of the irreducible representations of G, let
Ci, ..., Cybethe conjugacy classes of G, and let XJ-(I) be the value of x() on Cj. Then
the character table of G is the matrix M = [Xj(i)]

L

C. 7
a. ShowthatM™' = [|GI||X1(J)} by showing that MM~" = |.
i7j

14 s
NG Gl/IC| ifi=k
b. Show that 3" x¥x ¥ = { ’
;X' X 0 otherwise.
20. Prove that g and h are in the same conjugacy class of a group G if and only if

*(g) = x*(h) for all representations X of G.

21. Agroup has exactly 6 distinct conjugacy classes Cy, ..., Cg. The values of two
characters x(") and x(? corresponding to irreducible representations on these con-
jugacy classes are shown below.
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x» 2 0 o0 -1 1 2

Complete the character table, find the size of the group, and find the sizes of each
of the conjugacy classes.

22. Let D be the defining representation for S, and let ¢)* be the character of the
representation defined in Section 2.1. Prove that 1p("=") = P,
23, Let X be any representation of S,,. Using Frobenius reciprocity (Theorem 40) on

n— Sn
the inner product of y* and 21" = yTs;xsx-xs1| show that the value of xX on
the conjugacy class containing the transpositions has the same parity as the degree
of X.

24. Find the actual matrices for
s@2((12)), s®P((123)), s??((1234)), and S*?((12)(34))

where $(2:2) is the irreducible Specht representation for S,. The traces of these ma-
trices should match the corresponding values of the character x® in the character
table for S4 in Example 53.

25. Letsign, be the sign of the permutations in the conjugacy class C,, for u - n.
By performing a sign reversing and weight preserving involution on the objects U/
in the proof of Theorem 82, prove the identity

nle, = Z Sign(a)z/f‘(a)p#(a).

€Sy

Alternatively, this identity is ey = Z sign,, 1/)2 FZ)—“, thereby giving us the entries of
pkn H
the e-to-p/z transition matrix.

26. Showthatallrim hook tableaux of shape p - nk with content (k, k, . . ., k) have
the same sign.

27. Show that sign(a)xﬁ = X;\Ll where ) is the conjugate partition to A and o is a
permutation with cycle type p.

28. Determine all A with x{),_, ;) # 0.

29, Show that for any partition zand foralln > 1,e,s, = Z S

A/ is a skew column
with n cells

30. Atableau T of shape X is row strict if integers strictly increase in rows, reading
from left to right, and weakly increase in columns, reading from bottom to top. Let
T be a row strict tableaux and j an integer. We define the dual row insertion of j into

T,denoted T & j, to be the tableau found by following three rules:
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1. If Tis the empty tableau, then T & j is the column strict tableaux with 1 cell
which contains the integer j.

If T is not empty, we assume that the first row of T contains the integers a; <
- < ap and T’ is the row strict tableau that is found by removing the first
row of T.

2. Ifay <j,thenT & jresults from T by adding a cell containing j at the end of
the bottom row of T.

3. Ifakx > |, then let ay be the leftmost entry in bottom row of T that is greater
than or equal to j. Replace ai with j and then dual row insert ay into T’.

Calculate) £ 181838 2838181838288

31. By expanding each term in the infinite product as a geometric series and then
interpreting each choice ofx{“yjmzm as an entry in a nonnegative integer valued ma-
trix A, prove that

1
- R
i|j>|1 g E/\ Sa(Xi, X2, ... )sa(yr, Y2, .. )2

32. Let f* denote the number of column strict tableaux of shape A\ which contain
the integers1,...,n. Simplify >, (f’\)z.

33. Let F be the Frobenius map. Find these values:
a. F(ey),
b. F~'(xP) where D is the defining representation,
c. F7'(x") where L is the left regular representation.
34. Find the character table for S5 using rim hook tableaux.

35. Whatis the result of applying the algorithm in the proof of Theorem 108 to the
reverse plane partition shown below?

N W W N

Ol |lw| >

4
3
1
1

5
3
2
2

36. Findthedegreeoftheirreducible representation correspondingto A = (6,6,5,3,2,1,1).
(This should be easy if you use the hook length formula!)

37. Find the character table for As. Why is A5 simple? (See Exercise 15).

38. Let S* be the Specht representation corresponding to A - n. How do each of
these representations break up as a direct sum of irreducible representations?
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