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Abstract

Thesenotes introduce to the representation theoryof the symmetricgroup.
Prerequisites include undergraduate courses on linear algebra and abstract al-
gebra.
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1 Representations of finite groups

1.1 Matrix representations

Definition. Let G be a finite group and let GLn(C) be the group of n× n invertible
matrices with entries in C. A (matrix) representation of G of degree n is a group
homomorphism X : G→ GLn(C).

In particular, if X is a degree n representation of G, then

1. X(ε) = In since any homomorphism sends the identity ε ∈ G to the identity
matrix In ∈ GLn(C).

2. X(gh) = X(g)X(h) for all g, h ∈ G.

As a consequence, X(g−1) = X(g)−1 for all g ∈ G.

Definition. The trivial representation for G is the degree 1 representation Xdefined
by X(g) = 1 for all g ∈ G. The trivial representation is sometimes written as simply
1 so that 1(g) = 1 for all g ∈ G.

Example 1. Let Z4 = {0, 1, 2, 3} be the cyclic group of order 4. A degree 1 repre-
sentation X is given by

X(0) = 1, X(1) = i, X(2) = −1, X(3) = −i.

Example 2. A degree 2 representation X of Z4 is given by

X(0) =
[
1 0
0 1

]
, X(1) =

[
0 1
1 0

]
, X(2) =

[
1 0
0 1

]
, X(3) =

[
0 1
1 0

]
.

Definition. Let Sn be the symmetric group. The sign representation X is the degree
1 representation given by X(σ) = signσ.

It is a good exercise to show that sign(στ) = signσ sign τ , proving that the sign
function is a homomorphism and thus a representation.
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Example 3. By directly verifying the matrix multiplications, it can be seen that a
degree 2 representation X of S3 is given by

X
(
(1)
)
=

[
1 0
0 1

]
, X

(
(1 2)

)
=

[
1 0
−1 −1

]
,

X
(
(1 3)

)
=

[
−1 −1
0 1

]
, X

(
(2 3)

)
=

[
0 1
1 0

]
,

X
(
(1 2 3)

)
=

[
0 1
−1 −1

]
, X

(
(1 3 2)

)
=

[
−1 −1
1 0

]
,

where permutations are written in cycle notation.

A group G acts on a set S if there is a function from G × S to S such that ε s = s
for all s ∈ S and (gh) s = g (h s) for all g, h ∈ G and s ∈ S. Our next theorem says
that there is a degree |S| representation of G every time G acts on a finite set S.

Theorem 4. Let G act on a set S = {s1, . . . , sn} and define X : G → GLn(C) such
that the i, j entry of X(g) is

X(g)i,j =

{
1 if gsj = si,
0 otherwise

for all g ∈ G. Then X is a degree n representation of G.

Proof. Let V be the vector space over C with basis s1, . . . , sn. The vector space V
contains all formal sums of the form c1s1 + · · ·+ cnsn where c1, . . . , cn ∈ C.

Since linearmaps are completely determinedby their actiononabasis, for each
g ∈ Gwe can define a linear map from V to V by sending sj to gsj for all j = 1, . . . , n.
Then X(g) is the matrix for this linear map in the basis s1, . . . , sn.

By definition, group actions satisfy εsj = sj and (gh)sj = g(hsj). This means
X(ε) = In and X(gh) = X(g)X(h), as needed.

Our next definitions and examples show that a number of interesting represen-
tations can be found by choosing a specific group G and set S in the statement of
Theorem 4.

Definition. The defining representation D for the symmetric group Sn is the repre-
sentation found by taking G = Sn and S = {1, . . . , n} in Theorem 4. That is, the i, j
entry of D(σ) is

D(σ)i,j =

{
1 if σ(j) = i,
0 otherwise.
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For instance, when n = 3, the defining representation D for S3 is

D
(
(1)
)
=

1 0 0
0 1 0
0 0 1

 D
(
(1 2)

)
=

0 1 0
1 0 0
0 0 1


D
(
(1 3)

)
=

0 0 1
0 1 0
1 0 0

 D
(
(2 3)

)
=

1 0 0
0 0 1
0 1 0


D
(
(1 2 3)

)
=

0 0 1
1 0 0
0 1 0

 D
(
(1 3 2)

)
=

0 1 0
0 0 1
1 0 0


The matrices given by the defining representation are also known as permutation
matrices.

Example5. Asetpartitionofn isa setofnonemptydisjoint setswithunion{1, . . . , n}.
Let S be the set of all set partitions of 3. The 5 elements in S are:

{{1}, {2}, {3}}, {{1, 2}, {3}}, {{1, 3}, {2}}, {{1}, {2, 3}}, {{1, 2, 3}}.

The symmetric group S3 acts on S by changing j in a set partition to σ(j) for j =
1, 2, 3. A degree 5 representation X for S3 now comes from Theorem 4. For instance,

X
(
(1 3)

)
=


1 0 0 0 0
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
0 0 0 0 1

 .
Definition. The left regular representation L is the degree n representation given
by Theorem 4 when the finite group G = {g1, . . . , gn} acts on itself by left multipli-
cation. This means the i, j entry of L(g) is

L(g)i,j =

{
1 if ggj = gi,
0 otherwise.

The left regular representation will play an important role in our development
of the general theory of matrix representations.

Example 6. The left regular representation L for Z4 = {0, 1, 2, 3} is

L(0) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , L(1) =


0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0

 ,

L(2) =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 , L(3) =


0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

 .
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Example 7. The left regular representation for

S3 = {(1), (1 2), (1 3), (2 3), (1 2 3), (1 3 2)}

satisfies

L
(
(1 3)

)
=


0 0 1 0 0 0
0 0 0 0 1 0
1 0 0 0 0 0
0 0 0 0 0 1
0 1 0 0 0 0
0 0 0 1 0 0

 .

The left regular representation turns any finite group into a group of permuta-
tion matrices. This means that a finite group of order n is a subgroup of the sym-
metric group Sn, a result known as Cayley’s theorem.

Theorem 8. Let L be the left regular representation for G = {g1, . . . , gn}. Then the
matrices L(g1), . . . , L(gn) are linearly independent.

Proof. Take c1, . . . , cn ∈ C. The top row of

c1L(g1) + · · ·+ cnL(gn)

is a rearrangement of the row
[
c1, . . . , cn

]
because the gagj = g1 and gbgj = g1

implies ga = gb. Thus the only way this linear combination can be the zero matrix
is when all coefficients are 0.

1.2 New representations from known representations

Definition. If X is a representation of G, then X is the representation defined by
X(g) = X(g) for all g ∈ G. Here, c denotes the complex conjugate of c ∈ C.

The fact that X is a representation follows immediately from the fact that X is a
representation and from properties of complex conjugation.

Definition. If A and B are square matrices, then the direct sum A ⊕ B is the block
matrix [

A 0
0 B

]
.

If A and B are two representations of G, then we define A ⊕ B to be the function
which sends g to A(g)⊕ B(g).

Theorem 9. If A and B are representations of G, then so is X = A⊕ B.
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Proof. We see X(ε) = In and

X(gh) =
[
A(gh) 0

0 B(gh)

]
=

[
A(g)A(h) 0

0 B(g)B(h)

]
=

[
A(g) 0
0 B(g)

] [
A(h) 0
0 B(h)

]
= X(g)X(h).

It canbe easily shown that if T is a fixed invertible n×nmatrix and if X is a degree
n representation of G, then the function which sends g to TX(g)T−1 is also a degree
n representation of G. If we think of X(g) as a linear map which sends v ∈ Cn to
X(g)v, then changing X(g) to TX(g)T−1 has the effect of changing the basis used to
represent v.

Definition. If there is an invertible matrix T such that the representations X and Y
satisfy X(g) = TY(g)T−1 for all g ∈ G, then X and Y are similar.

Example 10. Let D be the defining representation for S3 and take

T =


1 0 0 0
1 1 0 0
1 1 1 0
1 1 1 1

 .
Then X = T (sign⊕D) T−1 is a new representation. For instance,

X
(
(1 2)

)
=


−1 0 0 0
−1 −1 1 0
−2 0 1 0
−2 0 0 1

 and X
(
(1 2 3)

)
=


1 0 0 0
1 0 −1 1
0 1 −1 1
0 0 0 1

 .
Definition. If A = (ai,j) and B are matrices, then the tensor product A ⊗ B is the
block matrix with i, j block given by ai,jB. If A is a representation of G and B is a
representation of H, then A⊗ B is defined by

A⊗ B(g, h) = A(g)⊗ B(h)

for all (g, h) ∈ G × H. If A and B are both representations of G, then we define
A⊗ B(g) to be A(g)⊗ B(g).

Example 11. If X is the degree 2 representation of S3 in example 3 and D is the
defining representation for S2, then we have

X⊗ D
(
(1 3 2), (1 2)

)
=

[
−1 −1
1 0

]
⊗
[
0 1
1 0

]
=


0 −1 0 −1
−1 0 −1 0
0 1 0 0
1 0 0 0


6



and

D⊗ X
(
(1 2), (1 3 2)

)
=

[
0 1
1 0

]
⊗
[
−1 −1
1 0

]
=


0 0 −1 −1
0 0 1 0
−1 −1 0 0
1 0 0 0

 .
Theorem 12. If A is a representation of G and B a representation of H, then A ⊗ B
is a representation of G× H.

Proof. If X = (xi,j) and Y = (yi,j) are n×nmatrices and Z andWarem×mmatrices,
then the i, j block of (XY)⊗ (ZW) is(

n∑
k=1

xi,kyk,j

)
ZW =

n∑
k=1

xi,kZ yk,jW = (xi,jZ)(yi,jW),

which is the i, j block of (X ⊗ Z)(Y ⊗ W). Therefore (XY) ⊗ (ZW) = (X ⊗ Z)(Y ⊗ W)
and so

A⊗ B((g1, h1)(g2, h2)) = A(g1g2)⊗ B(h1h2)

= (A(g1)A(g2))⊗ (B(h1)B(h2))

= (A(g1)⊗ B(h1)) (A(g2)⊗ B(h2))

= A⊗ B(g1, h1)A⊗ B(g2, h2).

This, combined with the observation that if ε and ε′ are the identities for G and H,
then A ⊗ B(ε, ε′) = In ⊗ Im = Inm, shows that A ⊗ B is indeed a representation of
G× H.

A representation X for G, when restricted to a subgroup H ≤ G, is also a repre-
sentationofH. Wedenote this restrictionas X↓GH. Conversely, if X is a representation
of a subgroup H of G, then we can use an induced representation to define a repre-
sentation of G.

Definition. Let g1, . . . , gk be a left transversal for the subgroup H of G. This means
that the cosets of H in G are g1H, . . . , gkH. Let X be a degree n representation of H.
The induced representation of X from H to G, denoted X↑GH, has i, j block matrix of
size k× k given by

(
X↑GH (g)

)
i,j =

{
X(g−1

i ggj) if ggj ∈ giH,
0 otherwise.

It is a good exercise to verify that the induced representation is indeed a repre-
sentation.

Example 13. Let H = {(1), (2 3)} be a subgroup of S3. A transversal for H in G
is (1), (1 2), (1 3) since (1)H = {(1), (2 3)}, (1 2)H = {(1 2), (1 2 3)} and (1 3)H =
{(1 3), (1 3 2)}. Let X be the representation of H defined by

X
(
(1)
)
=

[
1 0
0 1

]
and X

(
(2 3)

)
=

[
0 −1
−1 0

]
.
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Then the induced representation X↑S3
H of S3 satisfies

X↑S3
H
(
(1 2)

)
=

 0 X
(
(1)−1(1 2)(1 2)

)
0

X
(
(1 2)−1(1 2)(1)

)
0 0

0 0 X
(
(1 3)−1(1 2)(1 3)

)


=


0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 −1
0 0 0 0 −1 0

 .

Example 14. The left regular representation L is equal to 1↑G{ε}.

The definition of the induced representation depends on the choice of transver-
sal and the order in which the cosets of H in G are listed. However, any two choices
of transversal or coset ordering would result in two matrices that are related by a
change of basis (typically a permutation and block-diagonal transformation).

For instance, suppose the cosets of H in G are listed as g1H, . . . , gkH, then the
induced representation at the group element g is

X(g−1
1 gg1) X(g−1

1 gg2) X(g−1
1 gg3) · · ·

X(g−1
2 gg1) X(g−1

2 gg2) X(g−1
2 gg3) · · ·

X(g−1
3 gg1) X(g−1

3 gg2) X(g−1
3 gg3) · · ·

...


where we are using the convention that X(g) = 0 if g ̸= H. Suppose we change the
first coset representative from g1 to g1h for some h ∈ H. Then the induced repre-
sentation at g ∈ G is

X(h−1g−1
1 gg1h) X(h−1g−1

1 gg2) X(h−1g−1
1 gg3) · · ·

X(g−1
2 gg1h) X(g−1

2 gg2) X(g−1
2 gg3) · · ·

X(g−1
3 gg1h) X(g−1

3 gg2) X(g−1
3 gg3) · · ·

...


and these matrices are similar to one another, specifically with the block diagonal
matrix [

X(h) 0
0 I

]
.

1.3 Irreducible representations

Definition. A matrix representation X is reducible if there is a constant matrix T
and twomatrix representations A and B such that X(g) = T(A(g)⊕ B(g))T−1 for all
g ∈ G. A representation that is not reducible is irreducible.
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Example 15. Any degree 1 representation is irreducible.

Example 16. Let D be the defining representation for S3 and let

T =

1 1 1
1 0 −1
1 −1 0

 .
Then it can be checked that

T−1D
(
(1)
)
T =

1 0 0
0 1 0
0 0 1

 , T−1D
(
(1 2)

)
T =

1 0 0
0 1 0
0 −1 −1

 ,
T−1D

(
(1 3)

)
T =

1 0 0
0 −1 −1
0 0 1

 , T−1D
(
(2 3)

)
T =

1 0 0
0 0 1
0 1 0

 ,
T−1D

(
(1 2 3)

)
T =

1 0 0
0 0 1
0 −1 −1

 , T−1D
(
(1 3 2)

)
T =

1 0 0
0 −1 −1
0 1 0

 .
From this we can see T−1DT = 1⊕Xwhere 1 is the trivial representation and X is the
degree 2 representation seen in Example 3. Thismeans the defining representation
D is reducible with D = T(1⊕ X)T−1.

Theorem 17. Every representation X is irreducible or there is a fixed matrix T and
irreducible representations X(1), . . . , X(k) such that

X = T
(
X(1) ⊕ · · · ⊕ X(k)

)
T−1.

Proof. We use induction on the degree of X. When the degree of X is 1, X must be
irreducible.

If X is degree larger than 1 and reducible, then there is a matrix T and a repre-
sentations A and B with X = T(A⊕ B)T−1. Write T and T−1 as block matrices of the
form

T =

[
T11 T12
T21 T22

]
and T−1 =

[
T′11 T′12
T′21 T′22

]
where T11 and T′11 are the same dimensions as A. This way we have

X =

[
T11 T12
T21 T22

] [
A 0
0 B

] [
T′11 T′12
T′21 T′22

]
.

By the induction hypothesis we can write A = U
(
X(1) ⊕ · · · ⊕ X(i)

)
U−1 and B =

V
(
X(i+1) ⊕ · · · ⊕ X(k)

)
V−1 where X(1), . . . , X(k) are irreducible representations and

U, V are fixed matrices.
Therefore X is equal to[

T11U T12V
T21U T22V

] [
X(1) ⊕ · · · ⊕ X(i) 0

0 X(i+1) ⊕ · · · ⊕ X(k)

] [
U−1T′11 U−1T′12
V−1T′21 V−1T′22

]
.
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This is the desired form because we see[
U−1T′11 U−1T′12
V−1T′21 V−1T′22

] [
T11U T12V
T21U T22V

]
= I,

meaning that these twomatrices are inverses, as needed.

Our development of the representation theory of the symmetric groupwill give
nice answers to these two fundamental questions about representations:

1. How can we identify if a representation is irreducible?

2. Howcanwedeterminehowa reducible representationbreaksup intoadirect
sum of irreducible representations?

Definition. Let X be a representation of G. A subspace V ⊆ Cn is X-invariant if
X(g)v ∈ V for all v ∈ V and g ∈ G.

Example 18. Let X be the representation found when G acts on a set S as given in
Theorem 4. Each row in X(g) contains exactly one 1 and the rest of the entries are
0. Therefore, if 1 denotes the column vector of all 1’s, then X(g)1 = 1 for all g ∈ G.
This shows span{1} is an X-invariant subspace.

Theorem 19. A representation X is reducible if and only if there is an X-invariant
subspace other than the trivial subspaces {0} andCn.

Proof. If X is reducible, then X = T(A ⊕ B)T−1 where A and B are representations
and T is a fixed matrix. If A is degree k, let V be the span of the first k columns of T.
Then every v ∈ V can be written as

v = T
[
w
0

]
wherew is some vector inCk. Therefore

X(g)v = T
[
A(g) 0
0 B(g)

]
T−1T

[
w
0

]
= T

[
A(g)w

0

]
for all g ∈ G and so V is X-invariant.

Now suppose V is a nontrivial X-invariant subspace. Let M be the matrix

M =
∑
g∈G

X(g)∗X(g)

where X(g)∗ denotes the conjugate transpose of X(g). Not only is this matrix Her-
mitian, meaning M = M∗, but it is also positive definite because

v∗Mv =
∑
g∈G

∥X(g)v∥2 > 0

10



for all nonzero v ∈ Cn. This means that we can define a valid inner product onCn

by setting ⟨v,u⟩ = v∗Mu. This inner product satisfies

⟨v, X(h)w⟩ = v∗
(∑

g∈G

X(g)∗X(g)
)
X(h)w

= v∗
(∑

g′∈G

X(g′h−1)∗X(g′)
)
w

= v∗X(h−1)∗
(∑

g′∈G

X(g′)∗X(g′)
)
w

=
〈
X(h−1)v,w

〉
for all v,w ∈ Cn and h ∈ G.

The orthogonal complement of V with respect to this inner product is

V⊥ = {w ∈ Cn : ⟨v,w⟩ = 0 for all v ∈ V}.

The subspace V⊥ is also X invariant because ⟨v, X(h)w⟩ =
〈
X(h−1)v,w

〉
= 0 for all

v ∈ V,w ∈ V⊥, and h ∈ G.
Therefore if we letv1, . . . ,vk be a basis for V, vk+1, . . . ,vn be a basis for V⊥, and

T be the the matrix with columns v1, . . . ,vn, then T is the change of basis matrix
from the standard basis to v1, . . . ,vn forCn.

In the basis v1, . . . ,vn, the matrix X(g) is block diagonal, and so

T−1X(g)T =

[
A(g) 0
0 B(g)

]
for some A(g) and B(g) for all g ∈ G. This shows X = T(A ⊕ B)T−1 and that X is
reducible.

Example 20. In the case of the defining representation D for S3, the matrix M in
the proof of Theorem 19 is 6I3 and so the inner product in the proof is the standard
inner product forC3 multiplied by 6.

As shown in Example 18, the vector 1 of all 1’s is a basis for a D invariant sub-
space. Thus we can take a basis for the orthogonal complement of span{1} to be[
1, 0,−1

]⊤ and
[
1,−1, 0

]⊤ in order to find the matrix T as given in Example 16.

Theorem 21 (Schur). Suppose X and Y are irreducible representations of G and T
is a fixed matrix such that TX(g) = Y(g)T for all g ∈ G. Then either T is invertible or
T is the zero matrix.

Proof. SupposeT is anm×nmatrix. The kernel of T, denotedker T, is an X invariant
subspace ofCn. Indeed, if v ∈ ker T, then

T(X(g)v) = Y(g)Tv = 0,

which implies X(g)v ∈ ker T for all g ∈ G. By Theorem 19, either ker T = {0} or
ker T = Cn.
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The image of T, denoted Im T, is a Y invariant subspace. Indeed, if w ∈ Im T,
then there is a v ∈ Cn with Tv = w and so

Y(g)w = Y(g)Tv = TX(g)v ∈ Im T,

for all g ∈ G. By Theorem 19, either Im T = {0} or Im T = Cm.
If Im T = {0} or ker T = Cn, then T is the zeromatrix. If Im T = Cm and ker T =

{0}, then m = n by the rank nullity theorem and it follows that T is invertible.

Theorem 22. Let X be an irreducible representation and T be a matrix such that
TX(g) = X(g)T for all g ∈ G. Then T is a multiple of the identity matrix.

Proof. If λ is an eigenvalue of T, then T− λI is not invertible and

(T− λI)X(g) = X(g)(T− λI)

for all g ∈ G. Theorem 21 says T− λI is the zero matrix, and so T = λI.

1.4 Characters

Definition. The character of a representation X is the functionχX : G→ C defined
by χX(g) = trace X(g) for all g ∈ G.

Example 23. Let D be the defining representation for Sn. Then for any σ ∈ Sn,

χD(σ) = traceD(σ)
= (the number of i = 1, . . . , n with σ(i) = i)
= (the number of fixed points of σ).

More generally, if G acts on a set S and X is the representation given in Theorem 4,
thenχX(g) is the number of elements in Swhich are fixed by g. As an important spe-
cial case, the character of the left regular representation L for any group G satisfies

χL(g) =

{
|G| if g = ε,
0 otherwise.

Example 24. If X is a degree 1 representation of G, then χX = X.

Theorem 25. If X and Y are similar representations, then χX = χY.

Proof. Matrix trace satisfies trace(AB) = trace(BA) for any matrices A and B for
which both thematrix multiplications AB and BA are defined. If X and Y are similar,
then there is a fixed matrix T for which X(g) = TY(g)T−1 for all g ∈ G. Therefore

χX(g) = trace X(g) = trace(TY(g)T−1) = trace Y(g) = χY(g)

for all g ∈ G.

12



Wewill soon see that the converse toTheorem25 is also true. Thiswill be agreat
help when we want to identify all irreducible representations of G up to similarity.

Theorem 26. If X and Y are representations of G and Z a representation of H, then
χX⊕Y = χX + χY and χX⊗Z = χXχZ.

Proof. As for the direct sum, we have

χX⊕Y(g) = trace

[
X(g) 0
0 Y(g)

]
= trace X(g) + trace Y(g),

which is χX(g) + χY(g) for all g ∈ G. Similarly, for the tensor product,

χX⊗Z(g, h) = trace X(g) trace Z(h) = χX(g)χZ(h)

for all g ∈ G and h ∈ H.

Theorem 27. If H is a subgroup of G and X is a representation of H, then

χ X↑G
H(g) =

1
|H|
∑
h∈G

χX(h−1gh)

where χX(g) is taken to be 0 if g ̸∈ H.

Proof. Let g1, . . . , gk be a left transversal for H ≤ G. If we say that X(g) is the zero
matrix whenever g ̸∈ H, then we have

χ X↑G
H(g) =

k∑
i=1

trace X(g−1
i ggi)

=
1
|H|
∑
h∈H

k∑
i=1

trace X(h−1g−1
i ggih)

=
1
|H|
∑
h∈G

χX(h−1gh).

Example 28. Let H = {(1), (2 3)} be a subgroup of S3 and X be the same repre-
sentation as in Example 13. Then χX

(
(1)
)
= 2 and χX

(
(2 3)

)
= 0 and χX(σ) = 0 if

σ ̸∈ H, and so, for instance, we have

χ X↑S3
H
(
(1)
)
=

1
2

∑
σ∈S3

χX(σ−1(1)σ
)
=

1
2
(2+ · · ·+ 2) = 6,

χ X↑S3
H
(
(1 2)

)
=

1
2

∑
σ∈S3

χX(σ−1(1 2)σ
)
=

1
2
(0+ · · ·+ 0) = 0,

and
χ X↑S3

H
(
(1 2 3)

)
=

1
2

∑
σ∈S3

χX(σ−1(1 2 3)σ
)
=

1
2
(0+ · · ·+ 0) = 0.

13



It can also be seen that χ X↑S3
H (σ) = 0 when σ = (1 3), (2 3), and (1 3 2). Therefore

χ X↑S3
H = χL where L is the left regular representation for S3. Later wewill prove that

this implies X↑S3
H and L are similar.

Definition. The conjugacy class containing g ∈ G is Cg = {h−1gh : h ∈ G}.

Example 29. If G is an abelian group, then Cg = {g} for all g ∈ G.

Theorem 30. Characters are constant on conjugacy classes.

Proof. If g, h ∈ G are in the same conjugacy class, then there is a k ∈ G with g =
k−1hk. Then for any representation X we have

χX(g) = trace X(g) = trace(X(k)−1X(h)X(k)) = trace X(h) = χX(h).

1.5 The conjugacy classes of the symmetric group

Definition. An integer partition of n, written λ ⊢ n, is a finite sequence of weakly
decreasing nonnegative integers. If λ = (λ1, . . . , λk) ⊢ n with λk ̸= 0, then we
write |λ| = n, ℓ(λ) = k, andmax(λ) = λ1.

Example 31. The 7 integer partitions of 5 are

(5), (4, 1), (3, 2), (3, 1, 1), (2, 2, 1), (2, 1, 1, 1), (1, 1, 1, 1, 1).

In this order, the lengths ℓ(λ) are 1, 2, 2, 3, 3, 4, 5 while themaximum parts are 5, 4,
3, 3, 2, 2, 1.

Occasionally it is convenient to denote λ as 1m12m23m3 · · · if λ has mi parts of
size i. Using this notation, the integer partitions of 5 are

51, 1141, 2131, 1231, 1122, 1321, 15.

Integer partitions can be identified by the corresponding Young diagram; this
is a collection of left-justified rows of boxes where row i has λi boxes reading from
bottom to top. The Young diagrams for all λ ⊢ 5 are

In many places Young diagrams are drawn with the largest row on top; in this way
the integer partition (5, 3, 2)would be drawn as

14



Definition. The cycle type of a permutation σ ∈ Sn is the integer partition which
records the lengths of the cycles of σ.

Example 32. The permutation (1 3)(2)(4 6)(5 7 9 8) has cycle type (4, 2, 2, 1).

Theorem 33. The conjugacy class containing σ ∈ Sn is the set of permutations
with the same cycle type as σ.

Proof. It is a good exercise to show that conjugation by τ rearranges the integers in
the cycles of σ but preserves the overall cycle structure of σ.

Example 34. Wecan index the threedistinct conjugacy classes for S3 by cycle type.
They are

C(3) = {(1 2 3), (1 3 2)},
C(2,1) = {(1 2), (1 3), (2 3)},
C(1,1,1) = {(1)}.

Definition. If λ = 1m12m2 · · · is an integer partition, we define

zλ = 1m12m2 · · ·m1!m2! · · · .

Theorem 35. We have |Cλ| = n!/zλ.

Proof. There are n!ways to select a permutation in Sn in one line notation and then
place parentheses around the integers to create a permutation of cycle type λ.

Any one of i cyclic rearrangements of a cycle of length i leaves the permuta-
tion unchanged; divide by 1m12m2 · · · to account for this. Any permutation of themi
cycles of length i will also not change the permutation; division by m1!m2! · · · will
resolve this. Therefore the number of permutations with cycle type λ is

n!
1m12m2 · · ·m1!m2! · · ·

=
n!
zλ
,

as desired.

Example 36. The sizes of the conjugacy classes for S4 are

|C(4)| = 6, |C(3,1)| = 8, |C(2,2)| = 3, |C(2,1,1)| = 6, |C(1,1,1,1)| = 1.

1.6 Class functions and an inner product for characters

Definition. Let C(G) be the vector space of all functions f : G → C which are
constant on the conjugacy classes of G. Such f are called class functions.

Example 37. A basis for C(G) is

{1C : C is a conjugacy class of G}

where 1C is the function such that 1C(g) = 1 if g ∈ C and 0 if g ̸∈ C. Therefore the
dimension of C(G) is the number of conjugacy classes of G.
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Example 38. Theorem 30 says that the character of any representation is an ele-
ment in C(G).

Definition. For any f, h ∈ C(G), we define the inner product

⟨f, h⟩G =
1
|G|
∑
g∈G

f(g)h(g).

If the group G is clear from context, we may omit the subscript and write this as
⟨f, h⟩.

It can be readily verified that this has the properties required of an inner prod-
uct, namely that ⟨cf+ f′, h⟩ = c ⟨f, h⟩+ ⟨f′, h⟩, ⟨f, h⟩ = ⟨h, f⟩, and ⟨f, f⟩ > 0 if f ̸= 0
for all f, f′, h ∈ C(G) and all c ∈ C.

The inner product of characters can be written in a useful alternative form. As
permitted by Exercise 9, we will express the inner product of two characters as〈

χX, χY〉 = 1
|G|
∑
g∈G

χX(g)χY(g−1)

when convenient.

Example 39. Let sign be the sign representation, D the defining representation,
and L be the left regular representation for S3. Then〈

χsign, χD〉 = 1
6

∑
σ∈S3

χsign(σ)χD(σ−1) = 0,

〈
χL, χD〉 = 1

6

∑
σ∈S3

χL(σ)χD(σ−1) = 3,

〈
χD, χD〉 = 1

6

∑
σ∈S3

χD(σ)χD(σ−1) = 2.

Theorem 40 (Frobenius Reciprocity). Let H be a subgroup of G, X be a representa-
tion of H, and Y a representation of G. Then〈

χ X↑G
H , χY

〉
G
=
〈
χX, χ Y↓G

H

〉
H
.

Proof. Using Theorem 27, we have〈
χ X↑G

H , χY
〉
G
=

1
|G|

1
|H|
∑
g∈G

∑
h∈G

χX(h−1gh)χY(g−1)

=
1
|G|

1
|H|
∑
k∈G

∑
h∈G

χX(k)χY(hk−1h−1)

=
1
|G|

1
|H|
∑
k∈H

∑
h∈G

χX(k)χY(k−1)

=
〈
χX, χ Y↓G

H

〉
H
.
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Example 41. Let H and X be the same subgroup of S3 and representation as found
in Examples 13 and 28. Then〈

χ X↑S3
H , χsign

〉
S3

=
〈
χX, χ sign↓S3

H

〉
H
=

1
2
(2 · 1− 0 · 1) = 1.

Theorem 42. If X and Y are irreducible representations, then

〈
χX, χY〉 = {1 if X and Y are similar,

0 otherwise.

Proof. Suppose X is degree m and Y is degree n. For any m× nmatrix M let

M̂ =
∑
g∈G

X(g)MY(g−1).

Then for any h ∈ G we see

X(h)M̂ =
∑
g∈G

X(hg)MY(g−1) =
∑
k∈G

X(k)MY(k−1h) = M̂Y(h). (1)

Theorem 21 gives that M̂ is invertible or equal to the zero matrix.

Case 1: M̂ is invertible. Here we have X(h) = M̂Y(h)M̂−1 and so X and Y are similar.
Since by Theorem 25 we have〈

χX, χY〉 = 〈χX, χX〉 ,
we need to show that

〈
χX, χX

〉
= 1.

If we define M̃ by
M̃ =

∑
g∈G

X(g)MX(g−1),

then the reasoning given in (1) shows X(h)M̃ = M̃X(h) for all h ∈ G. Theorem
22 says there is a constant λwith M̃ = λIn, so

nλ = trace(λIn) = trace M̃ =
∑
g∈G

trace(X(g)MX(g−1)) = |G| traceM.

Thus λ = |G| traceM/n.
Compare the i, ℓ entries of M̃ = λIn = (|G| traceM/n)In to see

∑
g∈G

∑
j,k

X(g)i,jMj,kX(g−1)k,ℓ =


|G|
n
(M1,1 + · · ·+ Mn,n) if i = ℓ,

0 if i ̸= ℓ,
(2)

where Mj,k denotes the j, k entry of M. The matrix M is arbitrary, so we can
compare the coefficients of Mi,ℓ on both sides of (2) to see

∑
g∈G

X(g)i,iX(g−1)ℓ,ℓ =

{
|G|/n if i = ℓ,
0 otherwise.
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Therefore
〈
χX, χX

〉
is equal to

1
|G|
∑
g∈G

trace X(g) trace X(g−1) =
1
|G|
∑
i,ℓ

∑
g∈G

X(g)i,iX(g−1)ℓ,ℓ

=
1
|G|

n∑
i=1

|G|
n

= 1,

as needed.

Case 2: M̂ = 0. Here the i, ℓ entry of M̂ is

0 =
∑
g∈G

∑
j,k

X(g)i,jMj,kY(g−1)k,ℓ

and so by comparing the coefficients of Mj,k on both sides,∑
g∈G

X(g)i,jY(g−1)k,ℓ = 0

for all j, k. From here we can see that
〈
χX, χY

〉
is equal to

1
|G|
∑
g∈G

trace X(g) trace Y(g−1) =
1
|G|
∑
i,ℓ

∑
g∈G

X(g)i,iY(g−1)ℓ,ℓ = 0,

as needed.

Example 43. The degree 2 representation X forZ4 found in Example 2 is similar to
itself but since 〈

χX, χX〉 = 1
4
(22 + 02 + 02 + 22) = 2,

the representation X must be reducible.

Theorem 44. Suppose X is a representation of G such that X is similar to

X(1) ⊕ · · · ⊕ X(1) ⊕ · · · ⊕ X(k) ⊕ · · · ⊕ X(k)

where X(1), . . . , X(k) are irreducible representations and X(i) appears in the direct
summi times. Then

1.
〈
χX, χX(i)

〉
= mi,

2.
〈
χX, χX

〉
= m2

1 + · · ·+m2
k,

3. X is irreducible if and only if
〈
χX, χX

〉
= 1, and

4. X and Y are similar if and only if χX = χY.
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Proof. For statement 1.,〈
χX, χX(i)

〉
=
〈
m1χ

X(1) + · · ·+mkχ
X(k) , χX(i)

〉
= m1

〈
χX(1) , χX(i)

〉
+ · · ·+mk

〈
χX(k) , χX(i)

〉
= mi.

For statement 2.,〈
χX, χX〉 = 〈m1χ

X(1) + · · ·+mkχ
X(k) ,m1χ

X(1) + · · ·+mkχ
X(k)
〉

=
∑
i,j

mimj

〈
χX(i) , χX(j)

〉
= m2

1 + · · ·+m2
k.

For statement 3.,
〈
χX, χX

〉
= 1 if and only if m2

1 + · · · +m2
k = 1, which can only

happen if exactly one mi = 1 and the rest are 0.
Finally, for statement 4., if χX = χY, then〈

χX, χX(i)
〉
=
〈
χY, χX(i)

〉
for all X(i) and so X and Y contain the same number of copies of each irreducible
representation and therefore X and Y are similar.

Example 45. Let X be the representation of S3 given in Example 3. Then
〈
χX, χX

〉
=

1 and so X is irreducible.

Example 46. Let X be the representation of S3 given in Example 3 and let 1 and sign
be the trivial and sign representations for S3. Define a representation Y of S3 such
that

Y
(
(1 2)

)
=


1 1 1 1
0 −1 0 −1
0 0 −1 −1
0 0 0 1

 and Y
(
(2 3)

)
=


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 .
This completely defines the representation Y because the permutations (1 2) and
(2 3) generate S3. For instance,

Y
(
(1 2 3)

)
= Y
(
(1 2)

)
Y
(
(2 3)

)
=


1 1 1 1
−1 0 −1 0
−1 −1 0 0
1 0 0 0

 .
Since characters are constant on conjugacy classes, χY(σ) = 0 if the the cycle type
ofσ is (2, 1) andχY(σ) = 1 if the cycle type ofσ is (3). From this itmay be calculated
that 〈

χY, χY〉 = 3.
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The only possible waym2
1 + · · ·+m2

k can equal 3 is if k = 3 andm1 = m2 = m3 = 1.
Indeed, we see that〈

χY, χ1〉 = 1,
〈
χY, χsign

〉
= 1,

〈
χY, χX〉 = 1,

showing that Y is similar to 1 ⊕ sign⊕X. We have successfully identified the irre-
ducible components of Y by calculating inner products of characters.

Example 47. Let L be the left regular representation for G and let X an irreducible
representation of G of degree d. Then〈

χL, χX〉 = 1
|G|

(|G|d+ 0+ · · ·+ 0) = d,

and so X appears d times in L.

Since L is degree |G|, this last example shows that, up to similarity, the number
of irreducible representations of G is at most |G|.

1.7 Character tables

Theorem 48. The set {χX : X is an irreducible representation of G} is a basis for
C(G).

Proof. Theorem 44 says that
〈
χX, χY

〉
= 0 for all irreducible representations X and

Y which are not similar. Therefore the set

{χX : X is an irreducible representation of G}

is linearly independent. It remains to be shown that this set spans C(G).
Take f ∈ (span{χX : X is irreducible})⊥, meaning that

〈
χX, f

〉
= 0 for all irre-

ducible representations X. Furthermore, since every representation is a direct sum
of irreducible representations, we have that

〈
χX, f

〉
= 0 for all representations X,

irreducible or not. We will show that f = 0.
For any representation X we define

MX =
1
|G|
∑
g∈G

f(g)X(g).

It follows that

X(h)MXX(h−1) =
1
|G|
∑
g∈G

f(g)X(hgh−1) =
1
|G|
∑
k∈G

f(h−1kh)X(k) = MX.

If X is irreducible, then Theorem 22 says Mx = λIn for some λ ∈ C. Since traceMX =〈
χX, f

〉
= 0, this constant λ is 0 and so MX = 0 when X is irreducible.

If X is reducible, say X = T(A⊕ B)T−1, then we have

MX = MT(A⊕B)T−1 = T(MA ⊕ MB)T−1.
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Since any representation X is similar to a direct sum of irreducible representations,
this implies MX is the zero matrix even if X were not irreducible. In particular, using
the left regular representation L in place of X, we have

0 = ML =
1
|G|
∑
g∈G

f(g)L(g).

Thematrices in the left regular representationare linearly independentbyTheorem
8, so f(g) = 0 for all g ∈ G. Thus f is the zero function.

Definition. The character table for G is a tablewith rows indexedby the characters
of the irreducible representations of G, columns indexed by the conjugacy classes
of G, with the χX, Cg entry the value of χX on Cg.

Theorem 48 says that the number of irreducible representations, up so similar-
ity, is the number of conjugacy classes of G. Thismeans that the character table for
G is square.

Example 49. The character table for S3 is

C(3) C(2,1) C(1,1,1)

χ1 1 1 1
χX −1 0 2
χsign 1 −1 1

where X is the irreducible representation in Example 3. These must be all of the
characters of irreducible representations since the character table is square.

Example 50. The character table for Z4 = {0, 1, 2, 3} is

C0 C1 C2 C3

χ1 1 1 1 1
χ(2) 1 i −1 −i
χ(3) 1 −1 1 −1
χ(4) 1 −i −1 i

since there are four conjugacy classes forZ4 and it can be seen that χ(1), χ(2), χ(3),
and χ(4) are irreducible degree 1 representations.

More generally, the function defined by X(j) = e2πij/n is an irreducible represen-
tation for the cyclic group Zn = {0, 1, . . . , n − 1} for each i, and so the k, j entry of
the character table for Zn is e2πikj/n.

Theorem51. If X and Y are irreducible representations for G andH, then X⊗Y is an
irreducible representation of G× H. Furthermore, if X(1), . . . , X(n) and Y(1), . . . , Y(k)
are all of the irreducible representations (up to similarity) for G and H, then all irre-
ducible representations of G× H are X(i) ⊗ Y(j).
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Proof. We see〈
χX⊗Y, χX⊗Y〉

G×H =
1

|G× H|
∑

(g,h)∈G×H

χX(g)χY(h)χX(g−1)χY(h−1)

=

 1
|G|
∑
g∈G

χX(g)χX(g−1)

( 1
|H|
∑
h∈H

χY(h)χY(h−1)

)
=
〈
χX, χX〉

G

〈
χY, χY〉

H .

This inner product is 1 because both X and Y are irreducible.
If there are n conjugacy classes for G and k for H, then there are nk conjugacy

classes for G×H. There are nk irreducible representations of the form X(i)⊗ Y(j), so
this must be all of them up to similarity.

Example 50 gives the character table for any cyclic group. The fundamental the-
orem of finite abelian groups says that any finite abelian group is the product of
cyclic groups. Theorems 26 and 51 show that the character tables for these abelian
groups can be found by multiplying the characters of the cyclic groups together.

Example 52. The characters for Z2 = 0, 1 are χ1 and χ(2) where χ(2)(1) = −1 and
so the character table for Z2 × Z2 = {(0, 0), (0, 1), (1, 0), (1, 1)} is

C(0,0) C(0,1) C(1,0) C(1,1)

χ1χ1 1 1 1 1
χ1χ(2) 1 −1 1 −1
χ(2)χ1 1 1 −1 −1
χ(2)χ(2) 1 −1 −1 1

Example 53. We can deduce the character table for S4 using the theory we have
built so far. There are five conjugacy classes and thus we are looking for the char-
acters of five irreducible representations. Two of them are the trivial and sign rep-
resentations.

Example 23 shows the defining representation D for S4 has character giving the
number of fixed points in a permutation. We see〈

χD, χD〉 = 1
24

(1 · 42 + 6 · 22 + 3 · 02 + 8 · 12 + 6 · 02) = 2

and so the defining character has two irreducible components. One of them is the
trivial representation because

〈
χD, χ1

〉
= 1. Call the other irreducible representa-

tion A. Then A is degree 3 and χD = χ1 + χA and so χA = χD − χ1. In other words,
χA(σ) is one less the number of fixed points in σ.

Using Exercise 11, another irreducible representation is sign⊗A. The character
of this representation is signχA.

There is one final irreducible representation, call it B. Example 47 shows that
the left regular representation L contains d copies of each degree d irreducible rep-
resentation, and so if B is degree d, Theorem 44 gives

24 =
〈
χL, χL〉 = 12 + 12 + 32 + 32 + d2.
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So d = 2. Further, since B is the only remaining irreducible representation and
since sign⊗B is irreducible, it must be that B = sign⊗B. This can only happen if
χB(σ) = 0 whenever signσ = −1.

At this point our character table is

C(4) C(3,1) C(2,2) C(2,1,1) C(1,1,1,1)

χ1 1 1 1 1 1
χA −1 0 −1 1 3
χB 0 a b 0 2

χsign⊗A 1 0 −1 −1 3
χsign −1 1 1 −1 1

where a, b ∈ C. The values of a and b can be found by taking the inner product of
χB with χ1 and χA:

0 =
〈
χB, χ1〉 = 2+ 8a+ 3b,

0 =
〈
χB, χA〉 = 6− 3b.

We have a = −1 and b = 2. Later we will find a much better combinatorial algo-
rithm to find the entries in the character table for Sn.

2 Tableau combinatorics

2.1 Tabloids

Definition. A tableau of shape λ is a filling of the cells in the Young diagram of the
integer partition λwith positive integers. A tableau T of shape λ ⊢ n is called

a. row constant if the integers in each row of T are all the same,

b. row nondecreasing if the integers in each row of T are nondecreasing,

c. row increasing if the integers in each row of T are (strictly) increasing,

d. column strict if T is row nondecreasing and the integers strictly increase up
each column, and

e. a tabloid if T is row increasing and if each of the integers 1, . . . , n appear ex-
actly once in T.

Example 54. The 6 possible tableaux of shape (2, 2) filled with 1, 1, 2, 2 are:

1 1
2 2

1 2
1 2

1 2
2 1

2 1
1 2

2 1
2 1

2 2
1 1

Example 55. The 10 possible tabloids of shape (3, 2) are:
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1 2 3
4 5

1 2 4
3 5

1 2 5
3 4

1 3 4
2 5

1 3 5
2 4

1 4 5
2 3

2 3 4
1 5

2 3 5
1 4

2 4 5
1 3

3 4 5
1 2

Definition. The group Sn acts on the set of tabloids of shapeµ ⊢ n by usingσ ∈ Sn
to permute the elements in T and then sorting the integers in each row of T into
increasing order. For instance,

(1 3 2 4) 1 2 4
3 5

= 1 3 4
2 5

.

Theorem4says thateverygroupactioncorresponds toa representation. Thismeans
that for every µ ⊢ n there is a representation X of Sn given by the group action of Sn
on tabloids of shape µ. We define ψµ to be the character of this representation.

Example 56. Let X be the degree 10 representation of S5 found by considering the
action of S5 on all the tabloids of shape (3, 2). Listing these tabloids in the order
found in Example 55, we have

X
(
(1 3 2 4)

)
=



0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0


Therefore the character ψ(3,2)

(
(1 3 2 4)

)
= 0. This can also be seen since the per-

mutation (1 3 2 4) does not fix any tabloids of shape (3, 2).

Example 57. This is an especially enlightening example in our development. By
considering tabloids which are fixed under the action of Sn, we can find that the
characters ψµ for all µ ⊢ 4 on the conjugacy classes of S4 are:

C(4) C(3,1) C(2,2) C(2,1,1) C(1,1,1,1)

ψ(4) 1 1 1 1 1
ψ(3,1) 0 1 0 2 4
ψ(2,2) 0 0 2 2 6
ψ(2,1,1) 0 0 0 2 12
ψ(1,1,1,1) 0 0 0 0 24
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This is not a character table because all of these representations except forψ(4) are
reducible.

Asµ changes from the integer partition (4) to the integer partition (1, 1, 1, 1), the
charactersψµ change from the trivial representation to the left regular representa-
tion. Furthermore, taking inner products with the irreducible characters given for
S4 found in Example 53, we can calculate

ψ(4) = χ1,

ψ(3,1) = χ1 + χA,

ψ(2,2) = χ1 + χA + χB,

ψ(2,1,1) = χ1 + 2χA + χB + χsign⊗A,

ψ(1,1,1,1) = χ1 + 3χA + 2χB + 3χsign⊗A + χsign,

showing that as we change from (4) to (1, 1, 1, 1), the number of distinct irreducible
representations in ψµ increase by 1 at each step.

From here it can be seen that the characters ψµ for µ ⊢ 4 are linearly indepen-
dent, and since there are the right number of them, these functions are a basis for
C(S4). The transition, or change of basismatrix, which turnsψµ into the basis given
by the irreducible characters is the matrix



ψ(4) ψ(3,1) ψ(22) ψ(2,12) ψ(14)

χ1 1 1 1 1 1
χA 0 1 1 2 3
χB 0 0 1 1 2
χsign⊗A 0 0 0 1 3
χsign 0 0 0 0 1

.

Definition. Given an integer partition µ = (µ1, µ2, . . . ), the Young subgroup

Sµ = S{1,...,µ1} × S{µ1+1,...,µ1+µ2} × · · · .

where for any finite set A we let SA denote the set of permutations of A.

Example 58. The Young subgroup S(3,2,2) is equal to

S(3,2,2) = S{1,2,3} × S{4,5} × S{6,7}.

Elements in S(3,2,2) are technically ordered triples such as
(
(1 3), (4 5), (6)

)
, but we

will simply denote such an element as (1 3)(4 5)(6). With this convention it is clear
that Sµ is a subgroup of Sn for all µ ⊢ n.

Theorem 59. Let T1, . . . , Tk be all tabloids of shape µ = (µ1, µ2, . . . ) ⊢ n. Let
πi ∈ Sn satisfy πiT1 = Ti. Then π1, . . . , πk is a left transversal for Sµ in Sn.
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Proof. This is the correct number of cosets because

|Sn|
|Sµ|

=
n!

µ1!µ2! · · ·
=

(
n

µ1, µ2, . . .

)
and this multinomial coefficient is the number of ways to select µ1 numbers from
{1, . . . , n} for the bottom row of T, then select µ2 numbers from the remaining in-
tegers for the second row of T, etc.

Are any of the cosets π1Sµ, . . . , πkSµ the same? Without loss of generality, take
T1 to be the tabloidwith rows containing the integers 1, . . . , µ1, thenµ1+1, . . . , µ1+
µ2, and so on. This way σT1 = T1 for any σ ∈ Sµ. Therefore, if πiSµ = πjSµ for some
i ̸= j, then πi(1) = πjσ for some σ ∈ Sµ. This would mean that

Ti = πiT1 = πjσT1 = πjT1 = Tj,

and therefore all cosets are distinct.

Theorem 60. The induced representation 1↑Sn
Sµ has character ψµ.

Proof. Letπ1, . . . , πk bea left transversal forSµ inSn and letT1, . . . , Tk be the tabloids
of shape µ. Then the i, j entry of 1↑Sn

Sµ (σ) is

(
1↑Sn

Sµ (σ)
)
i,j =

{
1 if σπj ∈ πiSµ
0 otherwise

=

{
1 if σTj = Ti

0 otherwise,

which is exactly the representation coming from the group action of Sn in the defi-
nition of the character ψµ.

2.2 The irreducible representations of the symmetric group

Definition. Let T λ be the vector space of all formal complex linear combinations
of tabloids of shape λ.

Example 61. The vector space T (2,1) consists of all vectors of the form

c1 1 2
3

+ c2 1 3
2

+ c3 2 3
1

for c1, c2, c3 ∈ C.

Definition. Let Tbe a tableau (or tabloid) filledwith 1, . . . , n. The columnstabilizer
CT is the set of permutations σ ∈ Sn such that i and σ(i) are in the same column of
T for all i = 1, . . . , n. Define the Young symmetrizer to be the operator on T λ given
by κT =

∑
σ∈CT

(signσ)σ.
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Example 62. Take T = 1 2
3 4

and T′ = 1 4
2
3

. Then the column stabilizer CT

is {(1), (1 3), (2 4), (1 3)(2 4)} and so

kT T′ = 1 4
2
3

− 3 4
2
1

− 1 2
4
3

+ 2 3
4
1

.

The column stabilizer CT′ is {(1), (1 2), (1 3), (2 3), (1 2 3), (1 3 2)} and so

kT′T = 1 2
3 4

− 1 2
3 4

− 2 3
1 4

− 1 3
2 4

+ 2 3
1 4

+ 1 3
2 4

= 0.

Theorem 63. Take λ, µ ⊢ n with λ ̸= µ. Then either kTT′ = 0 for any tabloids T, T′
of shape λ, µ or kT′T = 0 for any tabloids T, T′ of shape λ, µ.

Proof. If the first column in the Young diagram of λ is taller than that of µ, then
all of the integers in the first column of any tabloid T of shape λ cannot appear in
different rows of any tabloid T′ of shapeµ. Therefore there is a pair of integers i and
j in the first column of T and which appear in the same row of T′. Then

κT(i j) =
∑
σ∈CT

(signσ)σ(i j) = −κT,

and so we see κTT′ = −κT(i j)T′ = −κTT′. This implies κTT′ = 0 for all T, T′ of
shape λ, µ.

If the first column in the Young diagram of µ is taller than that of λ, then a sym-
metric argument shows κT′T = 0.

If the first columns in the Youngdiagramsofλ andµ are the same, to the second
columnsandusea similar argumentasabove to showthateither kTT′ = 0orkT′T =
0. Continuing in thismanner, examining each column in sequence,we findkTT′ = 0
or kT′T = 0 since eventually two column heights in λ and µmust differ.

Theorem64. If T andT′ are tabloids of same shapeλ, thenκTT′ is equal to0, (κTT),
or−(κTT).

Proof. If there are integers i and j which are in the same column of T and also in the
same row of T′, then we find κTT′ = 0 in the same way as shown in the proof of
Theorem 63.

Suppose no such pair of integers i and j exist. If the integer i appears in the same
column as j in T, then i and j must be in different rows of T′. If i is in a below j in T′
but i is in a row above j in T, then the transposition (i j) ∈ CT makes i appear below
j in (i j)T.

Examining all such pairs i and j in the same column of T, we can apply the trans-
positions (i j) to T when necessary to show that there exists a τ ∈ CT such that the
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rows of τT and T′ contain the same integers, meaning that τT and T′ are the same
tabloids. Then we have

κTT′ = κTτT =
∑
σ∈CT

(signσ)στT = (sign τ)κTT,

as needed.

Definition. The subspace Vλ of T λ is

Vλ = span{κTT : T is a tabloid of shape λ}.

Example 65. The three possible tabloids when λ = (2, 1) are:

T1 = 1 2
3

with κT1T1 = 1 2
3

− 2 3
1

,

T2 = 1 3
2

with κT2T2 = 1 3
2

− 2 3
1

,

T3 = 2 3
1

with κT3T3 = 2 3
1

− 1 3
2

.

Since κT3T3 = −κT2T2, a basis for V(2,1) is {κT1T1, κT2T2}. In other words, V(2,1) is all
linear combinations of the form c1(κT1T1) + c2(κT2T2) for c1, c2 ∈ C.

Definition. A standard tableau of shape λ ⊢ n is a tabloid such that integers in-
crease within columns (read bottom to top) as well as rows.

Theorem 66. A basis for Vλ is {κTT : T is a standard tableau of shape λ}.

Proof. Define an ordering among standard tableaux of shape λ such that T < T′
whenever the permutation found by reading the rows of T from bottom to top is
lexicographically smaller than the permutation foundby reading the rows of T′. For
instance, we have

1 2 3
4 5

< 1 2 4
3 5

< 1 2 5
3 4

< 1 3 4
2 5

< 1 3 5
2 4

.

If T is one of these tableaux, then σT > T for all non-identity σ ∈ CT. So, if T′ is
the smallest possible tableau, then by looking at the coefficient of T′ in the linear
combination ∑

cT(κTT) = 0

we can see that cT′ = 0. Therefore κT′T′ cannot appear as a nonzero term in any
linear combination of vectors κTvT which equal 0.

Continue this line of reasoning with the next smallest tableau and working our
way up, we can see that whenever we have

∑
cT(κTT) = 0, all coefficients cT must

equal 0. Thus we have linear independence.
These vectors also span Vλ by the observation that kTT is a multiple of kT′T′

whenever T and T′ have the same columns (as sets), and so we have a basis.
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Example 67. The group action of Sn on tabloids can be extendedby linearity to act
on T λ. For example, if we let

T = 1 2 3
4 5

,

then the permutation (3 5) sends

κTT = 1 2 3
4 5

− 2 3 4
1 5

− 1 3 5
2 4

+ 3 4 5
1 2

to

(3 5)κTT = 1 2 5
3 4

− 2 4 5
1 3

− 1 3 5
2 4

+ 3 4 5
1 2

.

Theorem 68. Ifw ∈ Vλ satisfies κTw = 0 for all tabloids T of shape λ, thenw is
the zero vector.

Proof. Define an inner product on T λ by

⟨T, T′⟩ =

{
1 if T = T′,
0 otherwise.

This inner product satisfies ⟨T, T′⟩ = ⟨σT, σT′⟩ for all σ ∈ Sn. Then we have

⟨w, κTT⟩ =
∑
σ∈CT

(signσ) ⟨w, σT⟩

=
∑
σ∈CT

(signσ)
〈
σ−1w, σ−1σT

〉
=

∑
σ−1∈CT

(signσ−1)
〈
σ−1w, T

〉
= ⟨κTw, T⟩ ,

which is equal to 0. Since vectors of the form kTT span Vλ, the vector w must be
in the orthogonal complement (Vλ)⊥. The only vector w which is in both Vλ and
(Vλ)⊥ is the zero vector.

Definition. For each σ ∈ Sn, define a linear map on Vλ by sending κTT to σ(κTT).
The Specht representation Sλ(σ) is thematrix for this linearmap in the basis {κTT :
T is a standard tableau of shape λ}.

Example 69. If λ = (n), then there is only one possible tabloid T of shape λ, the
tabloid containing 1, . . . , n in one row. Then κTT = T and the vector space Vλ is
simply the span of T. The Specht representation in this case is the trivial represen-
tation.
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Example 70. At the other extreme, if λ = (1n), there is only one possible column
strict tableau T, the tableau containing 1, . . . , n in one column. The vector space Vλ
is simply the span of κTT. The Specht representation in this case is the sign repre-
sentation.

Example 71. Consider λ = (2, 1) and take T1 and T2 as in example 65. The permu-
tation (1 2) sendsκT1T1 to (κT1T1)− (κT2T2) and sendsκT2T2 to−(κT2T2). These give
us the columns in the matrix

S(2,1)
(
(1 2)

)
=

[
1 0
−1 −1

]
.

Similarly, (1 2 3) sends κT1T1 to−(κT2T2) and κT2T2 to (κT1T1)− (κT2T2), so

S(2,1)
(
(1 2 3)

)
=

[
0 1
−1 −1

]
.

Indeed, it turns out that S(2,1) is the irreducible representation in Example 3.

Theorem 72. The Specht representation Sλ is irreducible.

Proof. Let W ̸= {0} be a subspace of Vλ invariant under the action of σ for all σ ∈
Sn. Since W corresponds to a Sλ invariant subspace ofCk, Theorem 19 says that in
order to prove that Sλ is irreducible we can show that W = Vλ.

The operatorκT for any tabloid T is a linear combination of permutationsσ, and
since W is invariant under the action of permutations, W is also invariant under the
action of κT.

Take w ∈ W to be nonzero. The vector w is a linear combination of terms of
the form κTT where T is a standard tableau, which in turn are linear combinations
of tabloids. Therefore, by Theorem 64,

κTw = c(κTT) ∈ W

for some c ∈ C. Sincew is nonzero, Theorem 68 says there must be a T′ such that
this c is not zero.

Therefore σ(κT′T′) ∈ W for all σ ∈ Sn. Let T be any other standard tableau of
shape λ and take σ to be the permutation such that σT′ = T (and thus T′ = σ−1T).
It follows that τ ∈ CT′ if and only if στσ−1 ∈ CT and therefore

σ(κT′T′) =
∑
τ∈CT′

(sign τ)στT′ =
∑
τ∈CT′

(sign τ)στσ−1T =
∑
α∈CT

(signα)αT = κTT

where we re-indexed the sum by taking α = στσ−1. This means that for every
standard tableau T, the vector κTT is in W. These vectors are a basis for Vλ, and so
W = Vλ.

Theorem 73. The representations Sλ and Sµ are not similar when λ ̸= µ.
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Proof. Ifλ ̸= µ, Theorem63 says that either kTT′ = 0 for any tabloids T, T′ of shape
λ, µ or kT′T = 0 for any tabloids T, T′ of shape λ, µ. Without loss of generality,
assume that kTT′ = 0 for any tabloids T, T′ of shape λ, µ.

Suppose Sλ and Sµ are similar. This means there is a matrixΘ such that

ΘSλ(σ)w = Sµ(σ)Θw

for all σ ∈ Sn and vectors w. Translating this statement in the language of the
vector spaces, there is a invertible linear map (a vector space isomorphism) ϑ :
Vλ → Vµ such that

ϑ(σw) = σϑ(w)

for all σ ∈ Sn andw ∈ Vλ. Since κT is a linear combination of permutations, the σ
in this last expression can be replaced with κT for any tabloid T.

If T is a tabloid of shape λ,

ϑ(κTw) = κTϑ(w) = 0

since κTT′ = 0 for all T, T′ of shape λ, µ. This means that κTw = 0 for all tabloids T
of shape λ and allw ∈ Vλ. This contradictions Theorem 68.

Theorems 72 and 73 combine to tell us that the Specht representations {Sλ :
λ ⊢ n} are a complete list of irreducible representations—each Sλ is irreducible
and there are as many of them as there are conjugacy classes.

At this point the characters of these Specht representations are not particularly
easy to calculate. Later we will find a simple combinatorial method to quickly find
the value of the character of Sλ on the conjugacy class Cµ.

3 Symmetric functions

3.1 Standard bases for symmetric functions

Definition. The weight of a tableau T is

w(T) =
∏

cells c in T

xTc

where Tc is the integer in the cell c in T. For any integer partition λ, we define

a. the power symmetric function pλ to equal
∑

w(T) where the sum runs over
all row constant tableaux T of shape λ,

b. the homogeneous symmetric function hλ to equal
∑

w(T) where the sum
runs over all row nondecreasing tableaux T of shape λ,

c. the elementary symmetric function eλ to equal
∑

w(T) where the sum runs
over all row increasing tableaux T of shape λ, and

d. the Schur symmetric function sλ to equal
∑

w(T) where the sum runs over
all column strict tableaux T of shape λ.
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Example 74. All column strict tableaux of shape (4, 2, 1)with weight x31 x22x3x4 are

1 1 1 4
2 2
3

1 1 1 3
2 2
4

1 1 1 2
2 4
3

1 1 1 2
2 3
4

and so the coefficient of x31 x22x3x4 in s(4,2,1) is 4.

Definition. A polynomial f in the variables x1, . . . , xN is a symmetric polynomial if

f(x1, . . . , xN) = f(xσ(1), . . . , xσ(N))

for all σ ∈ SN. We define Λn(x1, . . . , xN) to be the vector space of symmetric func-
tions with each monomial of total degree n. We will always assume that N is much
larger than n.

Example 75. The polynomial

f(x1, x2, x3) = x21 + x22 + x23 + 3x1x2 + 3x1x3 + 3x2x3

is a symmetric polynomial. Every monomial in f has total degree 2 and so f is an
element inΛ2(x1, x2, x3).

Definition. Let λ = (λ1, . . . , λℓ) be an integer partition of n. The monomial sym-
metric function mλ = mλ(x1, . . . , xN) is the sum of all the monomials with expo-
nents that can be rearranged to give λ.

Example 76. The monomial symmetric polynomial m(2,1)(x1, x2, x3) is

m(2,1)(x1, x2, x3) = x21 x
1
2 + x21 x

1
3 + x11x

2
2 + x22x

1
3 + x11x

2
3 + x12x

2
3.

Theorem 77. The set {mλ : λ ⊢ n} is a basis for Λn and therefore the dimension
ofΛn is the number of integer partitions of n.

Proof. The polynomials mλ and mµ have no monomials in common if λ ̸= µ, so
the functions {mλ : λ ⊢ n} are linearly independent.

If f ∈ Λn has a monomial of the form cλxλ1
1 · · · x

λℓ

ℓ for some constant cλ, then it
must also contain cλmλ. Thus {mλ : λ ⊢ n} spansΛn.

Theorem 78. The Schur symmetric function sλ ∈ Λn for all λ ⊢ n.

Proof. Sinceeveryelement inSn is aproductofadjacent transpositions, it is enough
to show that sλ is unchanged under the action of switching xi and xi+1 for all posi-
tive integers i. Soweneed to show that for every column strict tableauwith k occur-
rences of i and j occurrences of i+ 1, there is a corresponding column strict tableau
of the same shape with j occurrences of i and k occurrences of i+ 1.

Take T to be a column strict tableau of shape λ. The appearances of i in rela-
tionship to the appearances of i+ 1 in Tmust look something like the appearances
of the 3’s and 4’s below:
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3 3 3 3 3 3 3 4 4
3 3 3 4 4 4

3 3 4 4 4 4

Each row in Tmay have a sequence of i’s followed by a sequence of i+ 1’s. Rows are
aligned so that an i cannot appear atop another i in the row below.

Suppose a given row of T contains a sequence of k i’s followed by j i + 1’s such
that none of these i’s or i+ 1’s are immediately above or below cells containing an i
or i+ 1. Change this row of T so that it now contains j i’s followed by k i+ 1’s. Make
this change for every row of T to create the column strict tableau T′. For example,
changing the 3’s and 4’s in the cells displayed above produces:

3 3 3 3 4 4 4 4 4
3 3 3 3 4 4

3 4 4 4 4 4

The new column strict tableau has the same shape as before with the number of i’s
and i+ 1’s switched, as needed.

Variations on the proof of Theorem78 can also be used to show that pλ, hλ, and
eλ are also symmetric functions of degree n for all λ ⊢ n.

Definition. The Kostka number Kλ,µ is the number of column strict tableau of
shape λ and content µ. This is the coefficient of mλ in sµ.

The Kostkamatrix is the squarematrix indexedby integer partitions of nwritten
in reverse lexicographic order with λ, µ entry equal to Kµ,λ.

Example 79. The Kostkamatrix with rows indexed byλ (the content) and columns
indexed by µ (the shape) when n = 4 is



(4) (3, 1) (22) (2, 12) (14)
(4) 1 0 0 0 0
(3, 1) 1 1 0 0 0
(22) 1 1 1 0 0
(2, 12) 1 2 1 1 0
(14) 1 3 2 3 1

.
The astute reader can find a relationship between the Kostka matrix when n = 4
and the transition matrix between the bases {ψµ : µ ⊢ n} and {χλ : λ ⊢ n} for
C(S4) given in Example 57.

TheKostkamatrix is the s-to-mtransition (changeofbasis)matrix,which turnsa
linear combination of Schur functions into a linear combination of monomial sym-
metric functions by matrix multiplication.

Theorem 80. The set {sλ : λ ⊢ n} is a basis forΛn.
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Proof. If λ < µ in the reverse lexicographic order, then the first part in which λ and
µ disagree is larger in λ than in µ. In this case there are no column strict tableau of
shapeµ and type λ. Further, Kλ,λ = 1 for all λ ⊢ n. This tells us that the Kostkama-
trix is invertible because it is lower triangular with ones along the diagonal. Since
{mλ : λ ⊢ n} is a basis forΛn, so is {sλ : λ ⊢ n}.

It will turn out that {pλ : λ ⊢ n}, {hλ : λ ⊢ n} and {eλ : λ ⊢ n} are also bases is
also a basis forΛn. We have now defined the five standard bases forΛn: the power,
homogeneous, elementary, Schur, andmonomial symmetric functions.

3.2 Sums involving the power symmetric functions

Example 81. If {pλ : λ ⊢ n} is a basis, then so is {pλ/zλ : λ ⊢ n}. This means any
symmetric function can be expressed as a linear combination of pλ’s. For example,
doing all the gory calculations (on a computer; the computer algebra system Sage
has the ability to do symmetric function calculations) one can verify that

h(4) = 1
p(4)

z(4)
+ 1

p(3,1)

z(3,1)
+ 1

p(22)

z(22)
+ 1

p(2,12)

z(2,12)
+ 1

p(14)

z(14)

h(3,1) = 1
p(3,1)

z(3,1)
+ 2

p(2,12)

z(2,12)
+ 4

p(14)

z(2,12)

h(2,2) = 2
p(22)

z(22)
+ 2

p(2,12)

z(2,12)
+ 6

p(14)

z(14)

h(2,1,1) = 2
p(2,12)

z(2,12)
+ 12

p(14)

z(14)

h(14) = 24
p(14)

z(14)

Phrasing these relationships as a matrix multiplication, the h-to-(p/z) transition
matrix when n = 4 is



(4) (3, 1) (22) (2, 12) (14)
(4) 1 1 1 1 1
(3, 1) 0 1 0 2 4
(22) 0 0 2 2 6
(2, 12) 0 0 0 2 12
(14) 0 0 0 0 24

.
This matrix is the same as the matrix which gives the value of the character ψµ on
the conjugacy class Cλ as seen in Example 57. This is the content of our next theo-
rem.

Theorem 82. We have hλ =
∑
µ⊢n

ψλ
µ

pµ

zµ
.

Proof. As seen in Section 2.1, ψλ
µ is equal to the number of tabloids T of shape λ

such that σT = T for some σ ∈ Cµ. Using this and Theorem 35, we will prove the
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theorem by proving the identity

n!hλ =
∑
µ⊢n

|Cµ|(# of tabloids T of shape λwith σT = T for some σ ∈ Cµ)pµ

=
∑
σ∈Sn

(# of tabloids T of shape λwith σT = T)pµ(σ) (3)

where µ(σ) denotes the cycle type of σ.
Count the right hand side of (3) by first selecting a permutation σ ∈ Sn. Write σ

in cycle notation such that maximum integer in each cycle appears first. With the
pµ(σ) term, for each cycle of length k in σ, assign a sequence of cells of length k that
all contain the same integer c. Acknowledging the role of sums of power symmetric
functions in Pólya theory, we will call this c the color of the cycle.

Lastly, select a tabloid T of shapeλ such thatσT = T. The choice ofσ, the colors
c for each cycle, and the tabloid T accounts for all terms on the right hand side of
(3).

Arrange the colored cycles of σ such that smaller colors appear first and, if two
cycles have the same color, write the cyclewith the smallermaximumelement first.
Since σT = T, the integers in each cycle of σmust appear in a single row of T. Place
the cycles of σ into the rows of the Young diagram of λ to indicate which row of T
contains the integers in each cycle. Let U be the set of objects created in this way.

For example, if σ is the permutation

(7 6)1 (10)1 (12 3 9)1 (1)2 (5 2)2 (13 4 11)2 (14 8)3

where the color of each cycle is denoted by the subscript, then one U ∈ U is

(13 4 11)2

(7 6)1 (5 2)2

(10)1 (12 3 9)1 (1)2 (14 8)3
.

If we define the weight of U ∈ U to be

w(U) =
n∏

i=1

x(the color of the cycle containing i in U),

then by construction (3) is equal to
∑

U∈U w(U).
By listing the integers in a given U ∈ U (without parentheses) reading left to

right and then bottom to top and then recording the color of each cell in a tableau
of shape λ, each U ∈ U is in a natural 1–1 correspondence with a pair of the form
(τ, T′) where τ ∈ Sn and T′ is a tableau of shape λ with nondecreasing rows. For
example, the above U corresponds to (τ, T′)where

τ = 10 12 3 9 1 14 8 7 6 5 2 13 4 11
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and the row nondecreasing tableau

T′ =

1 1 1 1 2 3 3
1 1 2 2
2 2 2

.

These pairs are counted by n!hµ, the left hand side of (3), as needed.
This correspondence between U ∈ U and the pairs (τ, T′) is a bijection be-

cause the placement of the parenthesis in σ can be reconstructed. Indeed, after
τ is placed into the Young diagram of shape λ, there is a unique way to insert pairs
of parenthesis into each row so that themaximum element in each cycle to appear
first and cycles are sorted in increasing order according tomaximumelement. This
unique way is to locate themaximum integer in τ with color c, to place that integer
and everything to it’s right that also has color c in one cycle, and to iterate.

3.3 Rim hook tableaux

Definition. A rim hook of length k is a sequence of k connected cells in the Young
diagram of an integer partition which begins in a cell on the northeast boundary
and travels along the northeast edge such that its removal leaves the Young dia-
gram of a smaller integer partition. The sign of a rim hook ρ, denoted sign(ρ), is

(−1)(the number of rows spanned by ρ)−1.

Example 83. A rim hook of length 6 with sign (−1)3−1 = +1 is shown below:

Definition. Letµbean integerpartitionofnandλ = (λ1, . . . , λℓ)beacomposition
of n (a composition of n is an integer partition where the parts need not be listed in
nonincreasing order).

A rim hook tableau of shape µ and content λ is a filling of the cells of the Young
diagram of µ with rim hooks of lengths λ1, . . . , λℓ labeled with 1, . . . , ℓ such that
the removal of the last i rim hooks leaves the Young diagram of a smaller integer
partition for all i.

The sign of a rim hook tableau T is a product of all of the signs of the rim hooks
in T and we let

χµ
λ =

∑
T is a rim hook tableau of shapeµ and contentλ

sign T.
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Example 84. All rim hook tableaux of shape (4, 3, 1) and content (3, 2, 2, 1) are

1

2 3

4 1 2

3

4

1 2

3

4 1 2 3

4

1 2 3 4
.

The signs are−1,−1,+1,−1, and+1, and so χ(4,3,1)
(3,2,2,1) = −1.

Example 85. We have χ(4,3,1)
(2,3,1,2) = −1 because

21

4

3

is the only rim hook tableau of shape (4, 3, 1) and content (2, 3, 1, 2).

Theorem 86. If λ is an integer partition and µ and ν are compositions of n which
are rearrangements of one another, then χλ

µ = χλ
ν .

Proof. The result will follow if we can show that the order of two consecutive rim
hooks can be interchanged. Then, by interchanging consecutive parts repeatedly,
the composition µ can be turned into any rearrangement ν of µ. Therefore we take
µ to be the composition (µ1, . . . , µi, µi+1, . . . , µℓ) and take ν to be the composition
µwith µi and µi+1 interchanged. Wewill prove that χλ

µ = χλ
ν by first defining a sign

reversing involution I on the set of rim hook tableaux of shape λ and content µ.
Let T be a rim hook tableaux of shape λ and content µ and let C be the cells in T

that are occupied by rim hooks i and i+ 1. If C is itself a single rim hook, then let T′
be the rim hook tableau found by switching the positions of rim hooks i and i+ 1 in
T within C. For example, if rim hooks i and i+ 1 appear in T like this:

i+1

i
,

then i and i+ 1 appear in T′ like this:

i

i+1
.
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Rim hook i+ 1 lies outside (meaning north and/or east) of the rim hook i in T. If
the rim hook i+ 1 still lies outside of rim hook i in T′, then set I(T) = T′. If this does
not happen (as depicted above) or if C is not a single rim hook, set I(T) = T.

Suppose I(T) ̸= T and suppose that rim hook i+ 1 appears before rim hook i+ 1
when reading left to right in T. Since rim hook i + 1 lies outside of rim hook i in T,
the last cell (the most south and east cell) of rim hook i+ 1 must appear below the
first cell (the most north and west cell) of rim hook i in T. This situation is depicted
here:

i+1

i
.

Rim hook i+ 1 also appears outside of rim hook i in I(T), which means that the
last cell of rim hook i must appear to the left of the first cell in rim hook i+ 1 in I(T).
This situation in I(T) is depicted here:

i

i+1
.

This shows that sign T ̸= sign I(T) because the gap between the rim hooks i and
i+ 1 in T spans two rowswhile the gap between the rim hooks i and i+ 1 in I(T) does
not. Therefore I is a sign reversing involution and

χλ
µ =

∑
T is a rim hook tableau of shapeλ
and contentµ such that I(T) = T

sign T.

By applying the same involution I to rim hooks i and i+ 1 to rim hook tableau of
shape λ but with content ν, we also have

χλ
ν =

∑
T is a rim hook tableau of shapeλ
and content ν such that I(T) = T

sign T.

Therefore to complete the proof we will define a sign preserving bijection B from
the set of rim hook tableaux T with content µ with I(T) = T to the set of rim hook
tableaux T′ with content ν with I(T′) = T′. This bijection will be defined on a case
by case basis.
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Case 1: Rim hooks i and i+ 1 do not share a border in T. Since either i can be con-
sidered to lie outside of i+1 or vice versa, T canbe considered tohave content
µ or ν, and so we define B(T) = T.

Case 2: The cells C form a single rim hook. Define B(T) to be the tableau found by
switching the labels of i and i + 1 in T′ where T′ is the rim hook tableau de-
scribed in the definition of the involution I. Since I(T) = T, rim hook i+ 1 lies
outside of i in B(T), so B(T) is indeed a rim hook tableau with content ν. It
follows that I(B(T)) = B(T) and, in this case, that B is a bijection.

The rim hook i + 1 lies on the outside of i in T and so the gap between these
rim hooks spans two rows in T. The rim hook i + 1 still lies outside of i in
B(T) and so the gap between these rimhooks also spans two rows. Therefore
sign T = signB(T) in this case.

Case 3: Not Case 1 or 2. Rim hooks i and i + 1 share a border of length 2 or longer
in T with rim hook i+ 1 snaking along the outside border of i, as shown here:

i+1

i

Define B(T) to be the rim hook tableau T created by drawing the rim hook i to
snake along the outside cells C instead of rim hook i + 1 and then switching
the i and i + 1 labels. For example, the image of the above pair of rim hooks
is shown here:

i i+1

Given B(T), we can easily reconstruct T, showing that B is a bijection. The
sign of the rim hook tableau changes exactly twice when turning T into B(T):
once at the first cell where rim hooks i and i+ 1 touch each other and once at
the last cell where i and i + 1 touch. Therefore the sign of T and B(T) are the
same.
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This completes our description of the sign reversing involution I and the bijec-
tion B, finishing the proof.

Example 87. This example illustrates the involution I and the bijection B in the
proof of Theorem 86. Suppose we wish to show

χ
(4,3,1)
(3,2,2,1) = χ

(4,3,1)
(2,3,1,2)

by starting with a rim hook tableaux with content (3, 2, 2, 1), switching the order of
the rim hooks of length 3 and 2, and then switching the order of the rim hooks of
length 2 and 1.

In switching the rim hooks of length 3 and 2, the involution I pairs the first and
third rim hook tableaux as displayed in Example 84. The bijection B sends the sec-
ond, fourth, and fifth rim hook tableaux in Example 84 to

1 2

3

4

1

2

3

4

1

2

3 4
.

Then, to switch the rim hooks of length 2 and 1, the involution I pairs the last
two of the above rim hook tableaux. Finally, the bijection B sends the remaining
rim hook tableau to the rim hook tableau in Example 85.

Example 88. The matrix [χµ
λ]µ,λ⊢n (listing the shapes µ along the rows and the

content λ along the columns) is



(4) (3, 1) (22) (2, 12) (14)
(4) 1 1 1 1 1
(3, 1) −1 0 −1 1 3
(22) 0 −1 2 0 2
(2, 12) 1 0 −1 −1 3
(14) −1 1 1 −1 1

.

For example, the µ = (22) row and λ = (2, 12) column entry is 0 because these two
possible rim hook tableaux of shape µ and content λ have opposite signs:

3

21

32

1

In what may be a surprise, this matrix is the character table for S4! (See Example
53.)

Example 89. If {pλ : λ ⊢ n} is a basis, then so is {pλ/zλ : λ ⊢ n}, and then any
symmetric function can be expressed as a linear combination of pλ’s. For example,
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doing all the gory calculations (on a computer; the computer algebra system Sage
has the ability to do symmetric function calculations) one can verify that

s(4) = 1
p(4)

z(4)
+ 1

p(3,1)

z(3,1)
+ 1

p(22)

z(22)
+ 1

p(2,12)

z(2,12)
+ 1

p(14)

z(14)

s(3,1) = −1
p(4)

z(4)
+ 0

p(3,1)

z(3,1)
− 1

p(22)

z(22)
+ 1

p(2,12)

z(2,12)
+ 3

p(14)

z(14)

s(2,2) = 0
p(4)

z(4)
+−1

p(3,1)

z(3,1)
+ 2

p(22)

z(22)
+ 0

p(2,12)

z(2,12)
+ 2

p(14)

z(14)

s(2,1,1) = 1
p(4)

z(4)
+ 0

p(3,1)

z(3,1)
− 1

p(22)

z(22)
− 1

p(2,12)

z(2,12)
+ 3

p(14)

z(14)

s(14) = −1
p(4)

z(4)
+ 1

p(3,1)

z(3,1)
+ 1

p(22)

z(22)
− 1

p(2,12)

z(2,12)
+ 1

p(14)

z(14)

Phrasing these relationships as a matrix multiplication, the s-to-(p/z) transition
matrix when n = 4 is the same matrix as found in Example 88. So, at least in the
case n = 4, we see that this samematrix is three things at once:

1. the character table for Sn,

2. the matrix
[
χλ
µ

]
λ,µ⊢n found by considering rim hook tableaux, and

3. the s-to-(p/z) transition matrix.

The next theoremproves that items 2 and 3 on this list are the same for any n. Later
we will also prove that item 1 on this list is the same as items 2 and 3.

Theorem 90. We have
n!sλ =

∑
σ∈Sn

χλ
µ(σ)pµ(σ) (4)

for all λ ⊢ n.

Proof. Looking at the right hand side of (4), select a colored permutation with col-
ored cycles in the same way as in Theorem 82, accounting for the choice of σ ∈ Sn
and the pµ(σ). Arrange the colored cycles in the same way as in Theorem 82 with
smaller colors first and then sorted by smallest maximum element. One such σ is

(8 3 1)1 (12 9)1 (7 2)2 (13 4 11 5 10 6)2

where the color of each cycle is its subscript.
With the χλ

µ(σ) term, select a rim hook tableau of shape λ and content ν where
ν is the composition giving the lengths of the colored cycles in σ (using Theorem
86). Write down each colored cycle on top of the corresponding rim hook in the rim
hook tableau.

For example, if λ = (5, 5, 3) and σ is as displayed above, then one object is
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(13 4 11

(7 2)2 5 10 6)2

(8 3 1)1 (12 9)1
.

Let T be the set of all objects created this way. The weight of T ∈ T is

w(T) =
n∏

i=1

x(the color of the cycle containing i in T)

and the sign is the sign of the underlying rimhook tableau. For example, theweight
of the T ∈ T shown above is x51 x82 and the sign is−1. The right side of (4) is equal to∑

T∈T sign(T)w(T) by construction.
We now define a sign reversing and weight preserving involution I on T . Scan

the cells of T ∈ T from left to right and from bottom to top, looking for the first
occurrence of either

Case A: a cell x in the same rim hook as the cell immediately above x, or

Case B: a cell colored c which is immediately below the terminal cell in a c colored
rim hook.

The example T displayed above falls into Case A because the cell containing 5 cell
and the cell above the 5 are both contained in the same rim hook.

Suppose we are in Case A and let x be the cell which is in the same rim hook
as the cell above x. Define I(T) to be the element in T created by following these
instructions:

1. Cut the rim hook containing x at the down step between x and the cell above
x. This ends the rim hook above x at the cell above x.

2. Consider the list of integers in the same rowas xwhichare the samecolor as x.
Erase all parentheses currently found in this list and then reinsert parenthe-
ses, thereby creating cycles, in the unique manner that forces the maximum
element in each cycle to appear first and forces cycles to be sorted in increas-
ing order according to maximum element. (This is the same idea as found in
the last paragraph of the proof of Theorem 82.)

For example, if T is the object displayed above, then I(T) is

(13 4 11)2

(7 2 5)2 (10 6)2

(8 3 1)1 (12 9)1
.
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If T falls into Case A, then I(T)will fall into Case B because the cell x that was in
the same rim hook as the cell above x is now a cell colored c which is immediately
below the terminal cell in a c colored rim hook.

Now suppose T falls into Case B and let x be the cell colored c which is imme-
diately below the terminal cell in a c colored rim hook. Suppose the maximum el-
ement in this rim hook below x is m. Define I(T) to be the element in T created by
following these instructions:

1. If x is in a cycle of length 2 or greater, chop x off of the end of its cycle.

2. Extend the rim hook to include x and to include any cycles to the right of x
which have a maximum element smaller than m.

If T ∈ T falls into Case B, then I(T) will fall into Case A because the cell x that
was the same color as the rim hook below x is now in the same rim hook as the cell
above x. Indeed, the function I on a Case B object is the inverse function to I on a
Case A object.

If T ∈ T does not fall into Case A or Case B, then we define I(T) = T. This
completes our description of the involution I. As a second example, I pairs these
two elements in T :

16

)

(14 7 12

11 (6 1)3 3

4 15 (2)2 10) 3

(9)1 8 5 13)1

I

16
)

(14 7 12

11 (6 1)3 3

4 15)1 (2)2 10) 3

(9 8 5)1 (13)1

If T is not a fixed point, then I changes the sign of T because I removes exactly
one down step in Case A and introduces exactly one down step into a rim hook in
Case B. The involution is weight preserving.

Fixed points under I cannot have any rim hooks which span two or more rows
and thus all fixed points have sign+1. Fixed points cannot have a cell with color c
below another cell with color c and our ordering of the rim hooks guarantees that
larger colors appear in rim hooks outside of smaller colors. One example of a fixed
point is here:

(11 9)3 (13)5

(8 4)2 (16 1 12)4

(7 2 3)1 (15)1 (5)2 (6)2 (14 10)2

By listing the integers in a fixed point (without parentheses) and recording the
color of each cell in a column strict tableau of shape µ, a fixed point under I is in a
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natural 1–1 correspondence with a pair of the form (τ, T′) where τ ∈ Sn and T′ is a
column strict tableau of shape µ. For example, the above fixed point corresponds
to (τ, T′)where σ is

σ = 11 9 13 8 4 16 1 12 7 2 3 15 5 6 14 10

and the column strict tableau

T′ =

1 1 1 1 2 2 2 2
2 2 4 4 4
3 3 5

.

These pairs are counted by n!sµ, the left hand side of 4, as needed.

4 The RSK algorithm

4.1 Bumping

Definition. Let T be a column strict tableau and j an integer. The row insertion of
j into T, denoted T← j, is found by following these rules:

Insertion rule 0. If T is the empty tableau, then T← j = j .

If T is not empty, assume T is of the form shown here:

a1 a2 · · · an

T′

That is, the first row of T is a1 ≤ · · · ≤ an and T′ is the column strict tableau found
by removing the first row of T.

Insertion rule 1. If an ≤ j, then T← j is T is the tableau with j appended to the

bottom row of T.

Insertion rule 2. If j < an, then let ak be the leftmost entry in bottom row of T that
is larger than j. Replace ak with j and insert ak into T′. In this case we say that
j bumps ak.

Example 91. To row insert a 2 into

1 1 3 5
2 3 5
4

,
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we replace the 3 in the bottom row with a 2, the 5 in the second row with a 3, and
then place a new cell containing a 5 in the third row. Graphically we have

1 1 3 5
2 3 5
4

← 2
,

1 1 2 5
2 3 5
4

← 3

,
1 1 2 5
2 3 3
4 ← 5

,
1 1 2 5
2 3 3
4 5

.

Shading the path of the replaced cells in this row insertion process gives

1 1 2 5
2 3 3
4 5

.

This path is called a bumping path. This path must start in the bottom row and
move up and weakly to the left and the integers in this path are strictly increasing
when read from bottom to top.

Theorem 92. If T is a column strict tableau and j is a positive integer, then T ← j
is a column strict tableau and the bumping path for the insertion of j in T moves
weakly to the left as one proceeds from bottom to top. Moreover, if sh(T) is shape
of T, then sh(T) ⊆ sh(T← j).

Proof. The theorem is true if applying insertion rule 0 or insertion rule 1. We there-
fore assume that insertion rule 2 was applied.

Suppose j bumps ak in the bottom row of T. The first row of T← j is

a1 · · · ak−1 j ak+1 · · · an.

By our choice of of ak, we must have ak−1 ≤ j < ak ≤ ak+1 ≤ · · · ≤ an, meaning
that the first row of T← j is weakly increasing.

By induction, T′ ← ak is a column strict tableaux. Thus to show that T ← j
is a column strict tableau, we need only show that T ← j is strictly increasing in
columns in the first two rows. Suppose that b1 ≤ · · · ≤ bs is the first row of T′.
There are two cases.

Case 1. Suppose s ≥ k. In this case we know bk > ak, so T′ ← ak either bumps
bk or it must bump some bs with s ≤ k. If bk is bumped, then the first two
cells of the k-th column contains j in the first row and ak in the second row.
Since j < ak, T← j satisfies the column strict condition in k-th column as the
elements in the first two rows of the remaining columns are the same as in T.
Thus T← j will be column strict.

If ak bumps bs for s < k, then we know that in column k the first two el-
ements are j and bk, but j < ak < bk so that we satisfy the column strict
condition in column k. In column s, the first two elements are as and ak, but
we know that as ≤ ak−1 ≤ j < ak so that we satisfy the column strict con-
dition in column s. In the remaining columns, the first two elements are the
same as in T. Thus T← j will be column strict.
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Case 2. Suppose s < k. In this case either ak is at the end of the first row in T′ or it
must bump some bs with s ≤ k. If ak is at the end of the first row in T′, then
either ak is on top of j if s = k− 1 (in which case j < ak) or ak is on top of some
as+1 where s + 1 ≤ k − 1, in which case as+1 ≤ ak−1 ≤ j < ak. Regardless,
T ← j is column strict in the first two rows of the column that contains ak.
The first two elements in the remaining columns are the same as in T and so
T← j is column strict.

If ak bumps bs for s < k, thenwe know column k has only one element. In
column s the first two elements are as and ak, but we know that as ≤ ak−1 ≤
j < ak so thatwe satisfy the column strict condition in column s. The first two
elements are the same as in T in the remaining columns. Thus T ← j will be
column strict.

Lastly, the bumping path moves weakly to the left in the first two rows. By in-
duction, the bumpingmovesweakly to the left in T′ ← ak. Thus the entire bumping
path moves weakly to the left.

If we are given T ← j and the location of the cell c1 in sh(T ← j) but not sh(T),
then we can find both T and j. To reconstruct T and find j, follow these steps to
reverse the row insertion process:

1. If the final cell inserted into T is on the bottom row, then this cell contains j
and the removal of this cell leaves T.

2. If k is the integer in the final cell inserted into T, then find the rightmost entry
in the rowbelowk that is smaller thank, say ℓ. Remove the cellwith k, replace
ℓwith k, and repeat the process, moving down one row with each step.

Given a word w1w2 · · ·wn, let

T← w1 · · ·wn = (· · · ((T← w1)← w2) · · · )← wn

so that T ← w1 · · ·wn is the result of successively inserting w1,w2, . . . ,wn into T.
In such a situation, we denote T0 = T and Ti = T ← w1 . . .wi for i = 1, · · · , n. It
follows from Theorem 92 that

sh(T0) ⊂ sh(T1) ⊂ sh(T2) ⊂ · · · ⊂ sh(Tn)

where the notation µ ⊆ λmeans that the Young diagram for µ fits inside that of λ.
We also let ci to be the cell in sh(Ti) but not sh(Ti−1) for i = 1, . . . , n.

Theorem 93. If w = w1 · · ·wn is a word of length n ≥ 2 with letters in {1, 2, . . . },
then

1. if w1 ≤ · · · ≤ wn, then ci+1 is strictly to the right and weakly below ci for all i,
and

2. if w1 > · · · > wn, then ci+1 is strictly above andweakly to the left of ci for all i.
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These conditions are pictured below:

c6 c7

c4 c5

c2 c3

c1

The case of w1 ≤ w2 ≤ · · · ≤ w7.

c1

c2

c3

c4

c5

c6

c7

The case of w1 > w2 > · · · > w7.

Proof. By induction it is enough to prove either statement by considering only the
case n = 2.

We prove the first statement by induction on the size of T. If c1 is in row 1 (which
would be the case only if insertion rule 1 were used in T ← w1), then w1 is at the
end of the row in T1. Since w1 ≤ w2, the integer w2 is placed at the end of the first
row of T1 in the insertion T1 ← w2. In this case, c2 is clearly strictly to the right and
weakly below c1.

Suppose thebottomrowof T contains a1 ≤ · · · ≤ aj andw1 bumpsak in T← w1.
By our choice of ak, we have ak−1 ≤ w1 < ak and w1 is in the k-th cell of row 1 in T1.
This means that in the insertion T1 ← w2, either (i) w2 is placed in the end of row 1
or (ii) w2 must bump as where s > k. In case (i), our result follows since the cell c1 is
the new cell created by T′ ← ak andwe know the that bumping pathsmoveweakly
to the left by Theorem 93. In case (ii), the result follows by induction since c1 and
c2 are the cells created by the insertion T′ ← akas and ak ≤ as. This completes the
proof of the first statement.

The proof of the second statement is similar and is left to the reader.

4.2 The Pieri rules

The Pieri rules, found in Theorem 95 and Exercise 29, give a nice description of how
to expand the products hnsµ and ensµ into a sum of Schur symmetric functions.

Definition. For integer partitionsµandλ, letλ/µbe the cells in the Youngdiagram
for λ but not those in µ. This is type of object is called a skew shape. We say that
skew shape λ/µ is a skew row if λ/µ has no two cells in the same column and λ/µ
is a skew column if no two cells of λ/µ lie in the same row.

Example 94. If λ = (8, 5, 3) and µ = (5, 4, 1), then the skew shape λ/µ is shaded
in the diagram below:
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In this example, λ/µ is a skew row.

Theorem 95 (The Pieri rules). For any partition µ and for all n ≥ 1,

hnsµ =
∑

λ/µ is a skew row
with n cells

sλ.

Proof. We begin with the expansion of hnsµ. LetHn,µ denote set of all pairs (S, T)
where S is row nondecreasing tableau of shape (n) and T is a column strict tableau
of shapeµ. LetSRn,µ denote thesetofall columnstrict tableauxPsuch that sh(P)/µ
is a skew row of size n. The statement of the theorem is equivalent to∑

(S,T)∈Hn,µ

w(S)w(T) =
∑

P∈SRn,µ

w(P)

where w(Q) is the usual weight for column strict tableaux.
We claim that the row insertion algorithm allows us to give a weight preserving

bijection θ : Hn,µ → SRn,µ. That is, given a pair (S, T), let a1 ≤ · · · ≤ an be the
elements of S, reading from left to right. We define θ(S, T) = P = T ← a1 . . . an.
By the first statement in Theorem 93, we know that if λ = sh(P), then λ/µ is skew
row. Moreover, we know that in the insertion of a1 . . . an into T, the new cells where
created from left to right. This allows us to reverse our steps, showing that θ is one-
to-one.

To show that θ is bijection, it remains to be shown that θ is surjective; that is,
we must show that if P is any column strict tableau such that sh(P)/µ is skew row
of size n, then there exists a sequence a1 ≤ · · · ≤ an and a column strict tableau T
of shape µ such that P = T← a1 . . . an.

If P did come from an insertion of the form T ← a1 · · · an where a1 ≤ · · · ≤ an,
then we know that new cells were created from left to right by Theorem 93. Thus
we can reverse the process by first doing the reverse row insertion on the rightmost
cell of sh(P)/µ. Thus P = P1 ← an for some column strict tableau P1 such that
sh(P1)/µ is skew row. Next we reverse the row insertion for P1 using the rightmost
cell of sh(P1)/µ. Thus P1 = P2 ← an−1 so that P = P2 ← an−1an. Continuing on in
this way, we will obtain a sequence a1 · · · an and a column strict tableau of shape µ
such that P = T← a1 · · · an.

For example, suppose µ = (4, 2, 1), λ = (5, 4, 2, 1), and P is the column strict
tableau shown below

1 1 2 2 4
2 2 3 3
3 4
4

,

where we have shaded the cells in λ/µ. We illustrate the idea of reversing the row
insertion process by first undoing the row insertion of the bottom 4, then undoing
the row insertion of the right most 3, and so on.
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1 1 2 2
2 2 3 3
3 4
4

← 4
,

1 1 2 3
2 2 3
3 4
4

← 24
,

1 1 3 3
2 2
3 4
4

← 224
,

1 2 3 3
2 4
3
4

← 1224
,

2 2 3 3
3 4
4

← 11224
.

The question of why a1, · · · , an is weakly increasing remains. Appealing to the
second statement in Theorem 93, if aj > aj+1 for some j, then the new cell cj+1
created by the insertion of aj+1 into T ← a1 · · · aj is strictly above and weakly to
left of the new cell cj created by the insertion of aj into T ← a1 · · · aj−1. But this
is not what happens in our process—in our reverse process, ci+1 is strictly to the
right and weakly below ci. Hence there can be no such j and so a1, · · · , an is weakly
increasing.

This now proves that θ is a bijection, as needed.

Theorem 96. For all µ ⊢ n, we have

hµ =
∑
λ⊢n

Kλ,µsλ. (5)

This gives the entries of the h-to-s transition matrix.

Proof. The result follows immediately from iterating the Pieri rule for the homoge-
neous symmetric functions.

That is, suppose µ = (µ1, . . . , µk). Then hµ1 = s(µ1); we can place 1’s in the cells
of the shape (µ1). Using the Pieri rule to multiply hµ2s(µ1), we find all sλ such that
λ/(µ1) is a skew row. For each such λ, place 2’s in the cells of λ/(µ1). It follows that
hµ2s(µ1) equals the sum over all all sλ such that the shape λ is the shape of column
strict tableau T of weight xµ1

1 xµ2
2 .

For each suchλ, we canuse thePieri rule again to findhµ3sλ. Wemark eachnew
cell added to λ with a 3. Then hµ3hµ2s(µ1) equals the sum over all all sδ such that
the shape δ is the shape of column strict tableau T of weight xµ1

1 xµ2
2 xµ3

3 . Continuing
in this way proves the theorem.

Example 97. Belowwedisplay the h-to-s transitionmatrix for all integer partitions
λ ⊢ 4: 

h(4) h(3,1) h(22) h(2,12) h(14)

s(4) 1 1 1 1 1
s(3,1) 0 1 1 2 3
s(2,2) 0 0 1 1 2
s(2,12) 0 0 0 1 3
s(14) 0 0 0 0 1

.
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Forexample, h(2,12) column in theabovematrix isdeterminedby thesecolumnstrict
tableau:

1 1 2 3 1 1 2
3

1 1 3
2

1 1
2 3

1 1
2
3

.

It is no accident that this exact samematrix appears in Example 57.

4.3 The full RSK algorithm

We now present the RSK algorithm. It is named after Gilbert de Beauregard Robin-
son, who first described an algorithm equivalent to bumping, Craige Schensted
who described the algorithm for permutations, and Donald Knuth, who extended
the algorithm from permutations to matrices.

Algorithm. The input is a nonzero nonnegative integer valuedmatrix A.

1. Begin with P and Q as empty column strict tableaux.

2. Let (i, j) be the topmost and then the leftmost nonzero entry in A.

3. Change P to P ← j, thereby adding one cell to P. Add a cell containing i to Q
in the same position as the cell that was added to P.

4. Change A by subtracting 1 from the (i, j) entry.

5. If A is the zero matrix, stop. Otherwise, go back to step 2.

The output is the pair (P,Q).

Example 98. Consider applying RSK to A =

[
1 2 0
3 0 1

]
. Starting at the top left

entry of A and moving across each row, the first nonzero entry is at (1, 1). After ini-
tializing P and Q to be empty, steps 3 and 4 give

P = 1 Q = 1 A =

[
0 2 0
3 0 1

]
.

Iterating until A is the zero matrix, we have

P = 1 2 Q = 1 1 A =

[
0 1 0
3 0 1

]
,

P = 1 2 2 Q = 1 1 1 A =

[
0 0 0
3 0 1

]
,
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P =
1 1 2
2

Q =
1 1 1
2

A =

[
0 0 0
2 0 1

]
,

P =
1 1 1
2 2

Q =
1 1 1
2 2

A =

[
0 0 0
1 0 1

]
,

P =
1 1 1 1
2 2

Q =
1 1 1 2
2 2

A =

[
0 0 0
0 0 1

]
,

P =
1 1 1 1 3
2 2

Q =
1 1 1 2 2
2 2

A =

[
0 0 0
0 0 0

]
.

The output of applying RSK to A is the pair (P,Q).
An alternative way of thinking about RSK is to consider the word of pairs

w(A) = q1 q2 . . . qn
p1 p2 . . . pn

obtained by reading the rows of the matrix A from left to right starting at the top
row and ending at the bottom row where for each ai,j > 0, we write down ai,j pairs

of the form i
j. We call w(A) the bi-word of A. For example, if A is the matrix of our

example, then

w(A) = 1 1 1 2 2 2 2
1 2 2 1 1 1 3.

Then P is found from ∅ ← p1 · · · pn. The matrix P is sometimes called the inser-
tion tableau. We then use the elements of q1 . . . qn to record the growth of P. That
is, if ci is the new cell created by the insertion (∅ ← p1 · · · pi−1)← pi, then we place
qi in cell ci of Q. The matrix Q is sometimes called the recording tableau.

Theorem99. TheRSKalgorithm is abijectionbetweennonnegative integer valued
matrices A and pairs of the form (P,Q) where P and Q are column strict tableau of
the same shape.

Proof. Suppose that

w(A) = q1 q2 · · · qn
p1 p2 · · · pn

The shapes of P and Q are the same by construction. By Theorem 92, P is a
column strict tableau. Moreover, our construction ensures Q is weakly increasing
in rows and columns because at any stage, the new cell attached to Q contains a
letter i which is greater than or equal to all the previous letters added to Q.
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Thus to prove Q is column strict, we need only show that for any letter i, no two
i’s in the Q can lie in the same column. But this is an immediate consequence of the
first statement in Theorem 93. That is, the elements corresponding to the i-th row
of Awere inserted inweakly increasing order becausewhenwe created theword of
A, we read the elements form left to right. This insures that if qsqs+1 · · · qt is block
of i’s in q1 . . . qn, then ps ≤ · · · ≤ pt. But then by the first statement in Theorem 93,
new cells which were created by the insertion

(∅ ← p1 · · · ps−1)← ps · · · pt

where created from left to right and form a skew row. Thus no two is in Q can be in
the same column so that Q is column strict.

It follows that we can read off the the order in which the cells were created in P.
That is, for any fixed i, we know by the first statement in Theorem 93, the cells were
created from left to right. Thus the last cell c that was created in P corresponds to
the right-most cell which contains the largest element inQ. Becausewe can reverse
the row insertion algorithm starting at cell c, it follows that we can reconstruct A
from P and Q.

At this point we know that the correspondence A → (P,Q) is an injection, so it
remains to be shown that it is also a surjection. That is, wemust show that if P and
Qare column strict tableaux of the same shape, then there is a non-negative valued
matrix A such that RSK sends A To (P,Q).

The idea is that given (P,Q), we can reverse the bumping process as if came
from inserting a bi-word of a matrix A. That is, for each i in Q, we assume that the
cells containing i were created from left to right. This allows us to reconstruct a
bi-word

q1 q2 · · · qn
p1 p2 · · · pn

by successively reversing the bumping process in P using the cell that contains the
largest and then right-most element of Q.

For example, suppose we wish to undo the bumping process for the pair (P,Q)
shown below:

P =
1 1 3 4
2 4

Q =
1 1 2 2
2 2

We begin by locating the largest integer in Q. If there are ties, select the rightmost.
In this example, the rightmost 2 in Q is chosen. Then we undo row insertion in P,
remove the cell in the sameposition asQ, and then record thismove in the bi-word.
This process looks like this:

P =
1 1 3
2 4

Q =
1 1 2
2 2

w(A) = 2
4
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P =
1 1
2 4

Q =
1 1
2 2

w(A) = 2 2
3 4

P =
1 4
2

Q =
1 1
2

w(A) = 2 2 2
1 3 4

P = 2 4 Q = 1 1 w(A) = 2 2 2 2
1 1 3 4

P = 2 Q = 1 w(A) = 1 2 2 2 2
4 1 1 3 4

P =∅ Q =∅ w(A) = 1 1 2 2 2 2
2 4 1 1 3 4

Itonly remains tobeshownthat foreach i, if qsqs+1 · · · qt is blockof i’s inq1 · · · qn,
then ps ≤ · · · ≤ pt. Just like in the proof of Theorem 95, we can use the second
statement in Theorem 93. That is, pj > pj+1 for some s ≤ j < j + 1 ≤ t, then by
Theorem 93, the cell cj+1 created by inserting pj+1 in ∅ ← p1 · · · pj would be strictly
above cell ci created by pj in ∅ ← p1 · · · pj−1. But by construction, cj+1 is strictly to
the right and weakly below cj so that there can be no such j.

This shows that RSK is bijection from the set of all non-negative integer valued
matrices A onto the collection of pairs of column strict tableaux (P,Q) of the same
shape.

Theorem 100. For all α, β ⊢ n, let Nα,β be the number of nonnegative integer
valuedmatrices A with row sum α and column sum β. Then we have

|Sα|Nα,β =
∑
σ∈Sα

(the number of tabloids T of shape β fixed by σ).

Proof. The left hand side of the identity counts pairs (σ, A)where σ ∈ Sα and A is a
nonnegative integer valuedmatrix with row sum α and column sum β.

Let A′ be the matrix A with the integers in A replaced with the sets in a set par-
tition of n by labeling from top to bottom and moving left to right, replacing the
number k in A with a set of k consecutive numbers. For example, if α = (3, 3, 2)
and β = (3, 2, 2, 1), then one matrix A is

A =

3 0 0 0
0 1 2 0
0 1 0 1

 .
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For this example matrix A, the matrix A′ is

A′ =

{1, 2, 3} 0 0 0
0 {4} {5, 6} 0
0 {7} 0 {8}

 .
Create a tableau T of shape β by

1. filling the bottom row of a tableau with the integers found in the first column
of A′ read top to bottom and then filling the next row of with the integers in
the second column of A′, etc, and then

2. permuting the integers in the tableau using the permutation σ ∈ Sα.

For example, if the permutation σ = (1 2 3)(4 5), then the tableau T corresponding
to the matrix A′ shown above is

T = 2 3 1
5 7
4 6
8

Let τ be the permutation in Sα which makes the tableau T′ = τT a tabloid (so
that the rows of T′ are increasing). In the running example, τ = (1 3 2). With this
constructionwe have turned the pair (σ, A) into the pair (τ, T′)where T′ is a tabloid
of shape β which is fixed by τ .

This process is a bijection. Indeed, given a pair (τ, T′) where τ ∈ Sα and T′ is
a tabloid of shape β which is fixed by τ , we can reconstruct σ and A by first finding
T = τ−1T′.

Then, if α = (α1, α2, . . . ), create a matrix of sets A′′ by writing the smallest α1
numbers into the rows of T in the first column of A′′, then writing the next smallest
α2 numbers into the rows of T in the second column of A′′, and so on.

For instance, in our running example T is the tableau displayed earlier in this
proof and α = (3, 3, 2). This means that the matrix A′′ should have the integers
1, 2, 3 appearing somewhere in the first row, the integers 4, 5, 6 appearing in the
second row, and the integers 7, 8 in the third row. Our construction gives

A′′ =

{2, 3, 1} 0 0 0
0 {5} {4, 6} 0
0 {7} 0 {8}

 .
because the 2, 1, 3 integers appear in the first row of T and therefore appear in the
first column of A′′, the 5 and 7 appear in the second row of T and therefore appear
in the second column of T, etc.

Then letσ be thepermutationwhichchangesA′ intoA′′. In the runningexample,
this σ = (1 2 3)(4 5). Finally, create A from A′ by turning each set in A′ into its size.

Thereforewe have shown that the number of pairs (σ, A) is equal to the number
of pairs (τ, T). Since the summation allows for the choice of τ and the choice of
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T is given by the number of tabloids T of shape β fixed by σ), the pair (τ, T) The is
counted by the right hand side of the identity in the statement of the theorem.

Theorem 101. For all α, β ⊢ n, we have
〈
ψα, ψβ

〉
=
∑
λ⊢n

Kλ,αKλ,β .

Proof. Since ψα = χ 1↑Sn
Sα by (Theorem 60), we can use Frobenius reciprocity (The-

orem 40) to see that

〈
ψα, ψβ

〉
Sn

=

〈
χ1, χ

1↑Sn
Sβ

ySn

Sα

〉
Sα

=
1
|Sα|

∑
σ∈Sα

χ
1↑Sn

Sβ

ySn

Sα (σ)

=
1
|Sα|

∑
σ∈Sα

(the number of tabloids T of shape β fixed by σ).

Theorem100says that this last sum isequal toNα,β , thenumberofnonnegative
integer valued matrices A with row sum α and column sum β. If we restrict RSK to
these matrices A as input, then the output is pairs of the form (P,Q) where P has
shape λ and content α and Q has shape λ and content β for some λ ⊢ n. These
pairs are counted by ∑

λ⊢n

Kλ,αKλ,β ,

as needed.

Definition. Defineχλ to be the character of the representation found inψλ (this is
the representation 1↑Sn

Sλ ) but not found in ψµ for any µ < λ (here we are using the
reverse lexicographic order on integer partitions).

We remark that the notationχλ
µ has already been defined to give the number of

rim hook tableaux of shape λ and content µ and here we are defining χλ (without
any subscript) to be the character of a representation. These two ideas will even-
tually be shown to be the same, but for this section we are thinking of χλ as the
character of a representation.

Example 102. Let us find χλ for all λ = (4), (3, 1), and (2, 2). We begin with λ =
(4), where we see that

χ(4) = ψ(4) = χ
1↑Sn

S(n) = χ1 = 1

and so χ(4) is the trivial representation.
The next integer partition is (3, 1). Using Theorem 101, we see〈

ψ(3,1), χ(4)
〉
=
〈
ψ(3,1), ψ(4)

〉
=
∑
λ⊢n

Kλ,(3,1)Kλ,(4) = K(4),(3,1) = 1.
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This sum collapsed down to one term since the only column strict tableau of shape
λ and content (4) is a row of all 1’s (which is when λ = (4)). Therefore we define
χ(3,1) to be the character which satisfies ψ(3,1) = χ(3,1) + χ(4); in other words, we
have

χ(3,1) = ψ(3,1) − χ(4).

Is this character irreducible? We see that〈
χ(3,1), χ(3,1)

〉
=
〈
ψ(3,1) − χ(4), ψ(3,1) − χ(4)

〉
=
〈
ψ(3,1), ψ(3,1)

〉
− 1

=
∑
λ⊢n

K2
λ,(3,1) − 1

= K2
(3,1),(3,1) + K2

(4),(3,1) − 1

Since there is only one column strict tableau of shape (3, 1) and content (3, 1) and
there is only one column strict tableau of shape (4) and content (3, 1), this inner
product is 1, showing that χ(3,1) is indeed irreducible.

We can continue this process with the integer partition (2, 2). We see〈
ψ(2,2), χ(4)

〉
=
〈
ψ(2,2), ψ(4)

〉
=
∑
λ⊢n

Kλ,(2,2)Kλ,(4) = K(4),(2,2)

and we see〈
ψ(2,2), χ(3,1)

〉
=
〈
ψ(2,2), ψ(3,1) − ψ(4)

〉
=
∑
λ⊢n

Kλ,(2,2)Kλ,(3,1) −
∑
λ⊢n

Kλ,(2,2)Kλ,(4)

= K(3,1),(2,2)K(3,1),(3,1) + K(4),(2,2)K(4),(3,1) − K(4),(2,2)K(4),(4)

= K(3,1),(2,2).

Therefore we define χ(2,2) to be the character which satisfies

ψ(2,2) = K(4),(2,2)χ
(4) + K(3,1),(2,2)χ

(3,1) + χ(2,2);

in other words, we have

χ(2,2) = ψ(2,2) − K(4),(2,2)χ
(4) − K(3,1),(2,2)χ

(3,1).

By finding the inner product of χ(2,2) with itself it can be shown that this character
is irreducible.

Theorem 103. For α ⊢ n, we have

a. χβ is irreducible for all β ⊢ n, and

b.
〈
ψα, χβ

〉
= Kβ,α.
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Proof. Weprove this by inductionon the reverse lexicographic order on integer par-
titions. To begin, we see that χ(n) is the trivial representation and is therefore irre-
ducible.

Now assume that χλ is irreducible and that
〈
ψα, χλ

〉
= Kλ,α for all λ < β. We

have that
χβ = ψβ −

∑
λ<β

Kλ,βχ
λ,

and so, with the help of Theorem 101, we have

〈
χβ , χβ

〉
=

〈
ψβ −

∑
λ<β

Kλ,βχ
λ, ψβ −

∑
λ<β

Kλ,βχ
λ

〉
=
∑
λ⊢n

K2
λ,β − 2

∑
λ<β

K2
λ,β +

∑
λ<β

K2
λ,β

= K2
β,β ,

which is equal to 1. Therefore χβ is irreducible.
As for the second statement in the theorem, we see

〈
ψα, χβ

〉
=

〈
ψα, ψβ −

∑
λ<β

Kλ,βχ
λ

〉
=
∑
λ⊢n

Kλ,αKλ,β −
∑
λ<β

Kλ,βKλ,α

= Kβ,αKβ,β ,

which is equal to Kβ,α, as needed.

5 The Frobenius map

Definition. Let C(Sn) be the class functions for the symmetric group Sn and let 1λ
be the element in C(Sn) such that

1λ(σ) =

{
1 if σ ∈ Cλ

0 otherwise.

The Frobenius map F is a linear map which sends symmetric functions of degree n
to class functions in C(Sn) defined by

F(pλ/zλ) = 1λ

where zλ = n!/|Cλ|. Since {pλ/zλ : λ ⊢ n} and {1λ : λ ⊢ n} are bases for their
respective vector spaces, the Frobenius map F is invertible.

Theorem 104. If ψλ
µ is the value of ψλ on the conjugacy class Cµ, then

F(hλ) = ψλ.
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Proof. By Theorem 82, F(hλ) =
∑

µ⊢n ψ
λ
µF
(

pµ
zµ

)
=
∑

µ⊢n ψ
λ
µ1µ = ψλ.

Theorem 105. Let χλ be the character of the irreducible representation corre-
sponding to λ ⊢ n. (This is the character as seen in Theorem 103.) Then

F(sλ) = χλ

where sλ is the Schur symmetric function.

Proof. Using Theorem 96, Theorem 104, and the second statement in Theorem 103
in sequence, we see∑

λ⊢n

Kλ,µF(sλ) = F(hµ) = ψµ =
∑
λ⊢n

Kλ,µχ
λ.

Since both {sλ : λ ⊢ n} and {χλ : λ ⊢ n} are bases in their respective vector
spaces and since the Frobeniusmap sends basis vectors to basis vectors, it must be
the case that F(sλ) = χλ.

Theorem106. The value of the irreducible characterχλ on the conjugacy class Cµ

is equal to χλ
µ, the signed sum of all rim hook tableaux of shape λ and content µ.

Proof. The statement in Theorem 90 can be rewritten as

sλ =
∑
µ⊢n

χλ
µ

pµ

zµ
.

The theorem is proved by applying F to the above and using Theorem 105.

6 Hooks

The amazing Theorem 106 allows us to find the value of the irreducible character
χλ on any conjugacy class we like by finding rim hook tableaux. In the special case
where the conjugacy class µ = (1, . . . , 1), this implies that the degree of the irre-
ducible representation corresponding to λ is the number of standard tableaux of
shape λ.

The number of standard tableaux of shape λ can be a large and unwieldy! For
this purpose there is thebeautiful hook length formula. It provides aquick andeasy
way to find the degree of the irreducible representation corresponding to λ.

6.1 Themajor index for tableaux

Let σ = σ1 · · ·σn be a permutation. If we let Des(σ) be the set of indices i for which
σi > σi+1, then the descent and major index statistics can be written as des(σ) =
|Des(σ)| and maj(σ) =

∑
i∈Des(σ) i. We can adapt these definitions for standard

tableaux.
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Definition. If T is a standard tableau, we define Des(T) to be the set of indices i
such that i + 1 appears in a row above i. The descent and major index statistic for
standard tableau are defined by des(T) = |Des(T)| andmaj(T) =

∑
i∈Des(T) i.

Theorem 107. For all λ ⊢ n,

sλ(1, q, q2, . . . ) =
1

(1− q)(1− q2) · · · (1− qn)

∑
T∈STλ

qmaj(T)

where STλ is the set of standard tableaux of shape λ.

Proof. Let sum(T) denote the sum of the integers in a tableau T. It can be proved
that sλ =

∑
R∈RCSλ w(R) where RCSλ is the set of reverse column strict tableaux

(these are tableauxwhere the integer labelingweakly decreases in rows and strictly
decreases up columns). Therefore sλ(1, q1, q2, . . . ) is equal to

∑
qsum(R)−n where

the sum runs over all R ∈ RCSλ.
This says thatwe describe the left side of the identity in Theorem107 by consid-

ering reverse column strict tableaux filledwith the integers 0, 1, 2, . . . . For example,
one object counted by this sum is here:

12 7 7 7 5
6 4 3
3 0 0

The
∑

T∈STλ qmaj(T) termcanalsoprovideuswitha reversecolumnstrict tableau
by reinterpreting themajor index statistic in a standard tableau. For example, sup-
pose we let

T = 1 2 3 4 6
5 7 9
8 10 11

The major index for T is 4 + 6 + 7 + 9 (the descents are indicated in red). We can
create a reverse column strict tableau T′ by taking index i that is a descent in T and
adding 1 to each cell in T with a position that is less than i. Doing this for the above
example gives

T′ = 4 4 4 4 3
3 2 1
1 0 0

This process will not give us all possible reverse column strict tableaux filled
with arbitrary integers since by our construction T′ must have a 0 in top row and
since i must appear in T′ whenever i+ 1 appears in T′.

We can now use the 1/((1 − q)(1 − q2) · · · (1 − qn)) term in 107 to change T′
into an arbitrary reverse column strict tableaux. Interpret this term as providing an
integer partition µwith exactly n parts (with parts of size 0 allowed). We can use µ
to increase the integers in T′ by increasing cell i in T with µi.
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For example, if µ = (8, 3, 3, 3, 3, 2, 2, 2, 2, 0, 0), then using µ to increase the T′
shown above gives

12 7 7 7 5
6 4 3
3 0 0

This process is reversible as the tableau T′ and the integer partitionµ can be recon-
structed from this resultant tableaux. This proves the theorem.

6.2 Hooks

Let λ be an integer partition of n. The hook of a cell c is the “L” shaped subset of
cells in the Young diagram of λ consisting of the cell c, all cells to the right of c and
in the same row, and all cells above c and in the same column. For example, the
hook of a cell c is shaded in the Young diagram below:

c

.

We define the hook length of the cell c, denoted h(c), to be the number of cells in
the hook of c. Below we have filled each cell c in the Young diagram for the integer
partition (6, 5, 3, 2)with its hook length h(c):

9 8 6 4 3 1
7 6 4 2 1
4 3 1
2 1

.

Theorem 108. For any λ = (λ1, λ2, . . . ) ⊢ n,

q−0·λ1−1·λ2−···sλ(1, q, q2, . . . ) =
∏
c∈λ

1
1− qh(c) .

where the notation c ∈ λmeans that c is a cell in the Young diagram for λ.

Proof. As seen in the proof of Theorem 107, sλ(1, q, q2, . . . ) =
∑

T∈CSλ qsum(T)−n

where sum(T) denotes the sum of the elements in T. Use the factor of q−n in this
sum to subtract 1 from each integer in T ∈ CSλ and use the q−0·λ1−1·λ2−··· term to
subtract (i− 1) from each integer in row i of T. This process changes each T ∈ CSλ
into a tableau filled with nonnegative integers such that

1. the integers weakly increase when reading bottom to top within columns,
and
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2. the integers weakly increase when reading left to right within rows.

A tableau which satisfies the above conditions is called a reverse plane partition.
Let RPPλ be the set of reverse plane partitions of shape λ. Given any T ∈ RPPλ,

let Tc be the nonnegative integer found in cell c. By defining theweight of T ∈ RPPλ

to be w(T) =
∏

cells c in T q
Tc , we now have

q−0·λ1−1·λ2−···sλ(1, q, q2, . . . ) =
∑

R∈RPPλ

w(R). (6)

Let Tλ denote the set of tableaux of shape λ, filled freely with nonnegative inte-
gers. Looking at the right side of the equality in the statement of the theorem,write
each term in the product

∏
c∈λ 1/(1 − qh(c)) as a geometric series and expand, se-

lecting a term of the form (qh(c))i for each c ∈ λ. Record the choices of i made for
each cell by placing an i into cell c in a tableau T ∈ Tλ. By defining the hook weight
of T ∈ Tλ to be hw(T) =

∏
cells c in T(q

h(c))Tc , we now have∏
c∈λ

1
(1− qh(c))

=
∑
T∈Tλ

hw(T). (7)

Comparing equations (6) and (7), we see that the theorem can be proved by
defining a bijection φ : RPPλ → Tλ such that w(R) = hw(φ(R)) for all R ∈ RPPλ.
Thebijectionwewill describe is analgorithmtoAbrahamHillmanandRichardGrassl.

The input to the algorithm is an element R ∈ RPPλ with not every entry equal
to 0. The image of R is the element T ∈ Tλ found by following these steps:

1. Begin with T the tableau of shape λwith all entries 0.

2. Locate the most north west nonzero element in R, say it lies in cell c.

3. Create a path P which moves down and to the right in R by starting at cell c.
The next step in P will move down if the cell below the current cell c contains
the same integer as c and the next step in P will move to the right otherwise.
Then, after moving to the new cell, change the value of c to be the integer in
the current cell. Continue creating P by moving down and to the right in this
manner until no more moves are possible.

4. Subtract 1 from each cell in R that lies on the path P.

5. If P begins in column j and ends in row i, then add 1 to the row i, column j entry
of T.

6. If R contains a nonzero entry, go back to step 2. If R contains only 0’s, then
the output of the algorithm is T.

Wegiveanexampleof thisprocessbelow,where theappropriatepathP is shaded
in each step:

61



R =

0 1 2 2 2
1 1 2 3 3
3 3 3 3

T =

0 0 0 0 0
0 0 0 0 0
0 0 0 0

,

R =

0 1 2 2 2
1 1 2 2 2
2 2 2 2

T =

0 0 0 0 0
1 0 0 0 0
0 0 0 0

,

R =

0 1 1 1 1
1 1 1 2 2
1 1 1 2

T =

1 0 0 0 0
1 0 0 0 0
0 0 0 0

,

R =

0 0 0 0 0
0 0 1 2 2
0 1 1 2

T =

2 0 0 0 0
1 0 0 0 0
0 0 0 0

,

R =

0 0 0 0 0
0 0 0 1 1
0 0 0 2

T =

2 0 0 0 0
1 1 0 0 0
0 0 0 0

,

R =

0 0 0 0 0
0 0 0 1 1
0 0 0 1

T =

2 0 0 0 0
1 1 0 0 0
0 0 0 1

,

R =

0 0 0 0 0
0 0 0 0 0
0 0 0 0

T =

2 0 0 0 0
1 1 0 1 0
0 0 0 1

.

This algorithmmoves from left to right down the columns of R, so the last entry
added to T lies in the right most nonzero column of T. Furthermore, the weakly
increasing rows and columns in R force the last entry added to T to appear in the
bottom entry of this column. Therefore, since the the last increased cell in T can
be identified, this algorithm is reversible: given a pair R, T, recreate the path P by
traveling up and to the left, moving up whenever neighboring entries in different
rows are equal andmoving left otherwise.

The algorithm is a bijection since it is reversible. The algorithm is also weight
preserving since at any step in the algorithmwe havew(R) = hw(T) by design.

62



Theorems 107 and 108 combine to give the following corollary.

Corollary 109. For any λ = (λ1, λ2, . . . ) ⊢ n, we have∑
T∈STλ

qmaj(T) =
[n]q!∏

c∈λ[h(c)]q
q0λ1+1λ2+···

where STλ is the set of standard tableaux of shape λ.

Proof. Comparing the expressions for sλ(1, q, q2, . . . ) in theorems 107 and 108,

1
(1− q)(1− q2) · · · (1− qn)

∑
T∈STλ

qmaj(T) =
1∏

c∈λ(1− qh(c))
q0λ1+1λ2+···

The corollary follows by solving for
∑

T∈STλ qmaj(T) and simplifying.

Let fλ denote the number of standard tableaux of shape λ ⊢ n. Taking q = 1 in
Corollary 109 gives that

fλ =
n!∏

c∈λ h(c)
. (8)

for any λ ⊢ n. This identity, which gives a wonderful way to find the number of
standard tableaux, is known as the hook length formula. For example, instead of
calculating f(3,2) by listing the standard tableaux below

1 2 3
4 5

, 1 2 4
3 5

, 1 2 5
3 4

, 1 3 4
2 5

, 1 3 5
2 4

,

we can instead use the hook length formula to see that f(3,2) = 5!/(4 ·3 ·2 ·1 ·1) = 5.
Since we proved the hook length formula in a somewhat roundabout way, the

intuition giving why the formula is correct may not have been fully formed. To gain
insight, consider the following incorrect, but enlightening “proof” of (8):

Proof. (incorrect!) Randomly place the integers 1, . . . , n into the Young diagram of
shape λ ⊢ n to create a tableau. Such a naïve filling will be a standard tableau
exactly when each cell c is the smallest of the integers in its hook. The probability
that this happens for any given c ∈ λ is 1/h(c). Therefore the probability of creating
a standard tableau is 1/

∏
c∈λ h(c).

There are n! randomplacements of the integers 1, . . . , n into the Young diagram
of shape λ, so the number of standard tableaux fλ is equal to n!/

∏
c∈λ h(c).

The error in the proof is that the probability of one cell c1 ∈ λbeing the smallest
integer in c1’s hook is not independent from the probability of a second cell c2 ∈ λ
being the smallest in c2’s hook. Because the probabilities are not independent, we
cannot simply multiply them together in order to find the probability of creating
a standard tableau. Strangely, however, since the hook length formula is indeed
true, the probability of creating a standard tableau by randomly placing the inte-
gers 1, . . . , n into a Young diagram is 1/

∏
c∈λ h(c) nevertheless!
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7 A summary of the main results

These notes introduce the representation theory of the symmetric group. Chapter
1 introduces matrix representations for a finite group G. The key results:

1. Every group action gives rise to a representation (Theorem 4).

2. Every representation is similar to a direct sum of irreducible representations
(Theorem 17).

3. The inner product of the character of a representation A with the character
of an irreducible representation B gives the number of times B appears in A
(Theorem 44).

Therefore, if we know the characters of all of the irreducible representations of
G, thenwe can take inner products to find out exactly howany given representation
breaks up into irreducibles. This is why character tables are useful.

Chapters 2 through 5 specialize the results of Chapter 1 to the symmetric group,
with the goal of finding all of the irreducible representations and then to give a nice
combinatorial description of their characters. Muchdepends onunderstanding the
combinatorics of tableaux, with the most relevant type of tableaux being tabloids,
column strict tableaux, and rim hook tableaux.

The action of Sn on tabloids of shape µ gives the representation 1↑Sn
Sµ , the rep-

resentation with character ψµ (Theorem 60). As the integer partition µ varies from
(n) to (1n) in the reverse lexicographic order, this representation contains copies of
each of the irreducible representations of Sn, gaining exactly one new irreducible
representation at each step (Theorem 103). This is how we defined the irreducible
character χλ.

Since tableaux are central to the theory, symmetric functions play a significant
role since they may be considered multivariate generating functions for tableaux.
The connection between the vector space of symmetric functions and the set of
functions which are constant on the conjugacy classes of Sn is made explicit by the
Frobenius map.

The Frobenius map turns any relationship between the Schur, homogeneous,
or pλ/zλ symmetric functions into a statement about the irreducible characters
χλ, the characters ψλ, or the indicator function 1λ for the conjugacy classes of Sn.
This map is the bridge which allows us to use symmetric functions (and therefore
tableaux) to understand the irreducible characters of Sn.

In particular, the s-to-p/z transition matrix is the character table for Sn. Thus,
by Theorem90, the character table for Sn canbe constructedby looking at rimhook
tableaux. These characters are the traces of the irreducible representations of the
symmetric group, given by the Specht matrices Sλ.

Finally, the hook length formula provides a quick and easy way to find the de-
gree of each irreducible representation.
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8 Exercises

1. What if we relax the definition of amatrix representation X to not require X(g) to
be invertible? This exercise gives the answer.

a. Let E be an n × n matrix over C such that E ̸= In, E ̸= 0, and E2 = E. Show
that there is an n× nmatrix T such that

E = T−1
[
Ik 0
0 0

]
T

for some k.

b. Let G be a group and X be a function mapping G into the set of (possibly sin-
gular) n× nmatrices overC such that X(ε) ̸= 0 and X(gh) = X(g)X(h) for all
g, h ∈ G. Show that there is an n × n matrix T and a matrix representation Y
of G such that

X(g) = T−1
[
Y(g) 0
0 0

]
T

for all g ∈ G.

2. For σ = σ1 · · ·σn ∈ Sn written in one line notation, inv σ is the number of pairs
i < j such that σi > σj. Define signσ = (−1)inv σ . Show that switching the position
of any two integers in σ changes inv σ by an odd number. This fact implies

sign(στ) = signσ sign τ

where τ is any transposition. Since any permutation can be written as a product of
transpositions, this means that the sign representation X(σ) = sign(σ) is indeed a
matrix representation of Sn.

3. Let G = {g1, . . . , gn} be a finite group. The right regular representation R is the
representation given by the action of G on itself by right multiplication. That is,

R(g)i,j =

{
1 if gig = gj,
0 otherwise.

for all g ∈ G. Let L be the left regular representation. Show that L(g)R(h) =
R(h)L(g) for all g, h ∈ G.

4. Let X be a representation of H andH ≤ G. Show that the induced representation
X↑GH is indeed a representation.

5. Show that if X is a representation of K and K ≤ H ≤ G, then X↑GK and (X↑HK)↑
G
H

are similar.

6. Give an example of a degree 4 representation for S3 which does not have the
trivial or the sign representation as an irreducible component.
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7. This exercise shows that many of our results do not hold over arbitrary fields.
Let X be the representation of Z3 = {0, 1, 2} defined by

X(1) =
[
−1 1
−1 0

]
.

Show that X is reducible overC but not overR.

8. This exercise shows that many of our results do not hold for infinite groups.

a. Let G be the infinite group R+ (the only time we will use an infinite group)
with the operation of multiplication. Show that the function X defined by

X(x) =
[

1 0
ln x 1

]
for all x ∈ R+ is an irreducible representation.

b. Show that
span

{[
0
1

]}
is an X-invariant subspace ofC2, showing Theorem 19 does not hold. Where
in the proof of Theorem 19 do we use the finiteness of G?

9. Let X be a representation of G. Show that each eigenvalue of X(g) is a root of
unity. Use this to show that χX(g−1) = χX(g) for all g ∈ G.

10. Let Cσ be the conjugacy class for σ in the alternating group An.

a. Show that if there is a τ ∈ Sn \ An such τ and σ commute, then

Cσ = {α ∈ Sn : σ and α have the same cycle type}.

b. Show that if there is no τ ∈ Sn \ An such that τ and σ commute, then

{α ∈ Sn : σ and α have the same cycle type}

is the disjoint union of equal sized conjugacy classes Cσ and C(12)σ(12).

11. Prove that if X and Y are representations of G such that X is degree 1 and Y is
irreducible, then X⊗ Y is also an irreducible representation.

12. Let X be an irreducible representation of Sn and let An be the alternating group.
Show that X↓Sn

An
is reducible if and only if χX(σ) = sign(σ)χX(σ) for all σ ∈ Sn.

13. Let X be a nontrivial irreducible representation of G. Show that
∑

g∈G X(g) = 0.

14. Let N be a normal subgroup of G and let Y be a representation of G/N. Show
that the representation X of G defined by X(g) = Y(gN) is irreducible if and only if Y
is irreducible.
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15. ShowthatagroupGhasanontrivial normal subgroupN (that is, G isnot simple)
if and only if there is a nontrivial irreducible representation X of G such thatχX(g) =
χX(ε) for some g ̸= ε.

16. Letfixed(σ)be thenumberof fixedpoints (thenumberof one-cycles) inσ ∈ Sn.

a. Use the exponential formula to show that
∞∑
n=0

∑
σ∈Sn

yfixed(σ)
xn

n!
=

eyx−x

1− x
.

b. Use part a. to show that
1
n!

∑
σ∈Sn

fixed(σ)2 = 2 for n ≥ 2.

c. Show that the defining representation for Sn breaks up into two irreducible
representations. Conclude that the function χ : Sn → C defined by χ(σ) =
fixed(σ)− 1 is the character of an irreducible representation of Sn for n ≥ 2.

17. The dihedral group D4 is generated by a = (1 2 3 4) and b = (1 2)(3 4). Find
the character table for D4. (It may be useful to use Exercise 14 with the normal sub-
groups generated by a and by ab, a3b.)

18. ThequaterniongroupQ isgeneratedbyc = (1 234)(5678)andd = (1836)(2745).
It can be checked that c4 = d4 = (1), c2 = d2, and cd = dc3. Note that Q contains
exactly one element of order 2, namely c2, where the dihedral group D4 contains at
least two elements of order 2, namely the a2 and b in Exercise 17. Therefore Q and
D4 are not isomorphic.

Find the character table for Q. (It may be useful to use Exercise 14 with the nor-
mal subgroup generated by c2 = d2 = (1 3)(2 4)(5 7)(6 8).)

19. Let χ(1), . . . , χ(ℓ) be the characters of the irreducible representations of G, let
C1, . . . , Cℓ be the conjugacy classes of G, and let χ(i)

j be the value of χ(i) on Cj. Then

the character table of G is the matrix M = [χ
(i)
j ]i,j.

a. Show that M−1 =

[
|Ci|
|G|

χ
(j)
i

]
i,j
by showing that MM−1 = I.

b. Show that
ℓ∑

j=1

χ
(j)
i χ

(j)
k =

{
|G|/|Ci| if i = k,
0 otherwise.

20. Prove that g and h are in the same conjugacy class of a group G if and only if
χX(g) = χX(h) for all representations X of G.

21. A group has exactly 6 distinct conjugacy classes C1, . . . , C6. The values of two
charactersχ(1) andχ(2) corresponding to irreducible representations on these con-
jugacy classes are shown below.
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C1 C2 C3 C4 C5 C6

χ(1) 1 −i i 1 −1 −1

χ(2) 2 0 0 −1 −1 2

Complete the character table, find the size of the group, and find the sizes of each
of the conjugacy classes.

22. Let D be the defining representation for Sn and let ψµ be the character of the
representation defined in Section 2.1. Prove that ψ(n−1,1) = χD.

23. Let X be any representation of Sn. Using Frobenius reciprocity (Theorem 40) on
the inner product of χX and ψ(2,1n−2) = χ 1↑Sn

S2×S1×···×S1 , show that the value of χX on
the conjugacy class containing the transpositions has the sameparity as thedegree
of X.

24. Find the actual matrices for

S(2,2)
(
(1 2)

)
, S(2,2)

(
(1 2 3)

)
, S(2,2)

(
(1 2 3 4)

)
, and S(2,2)

(
(1 2)(3 4)

)
where S(2,2) is the irreducible Specht representation for S4. The traces of thesema-
trices should match the corresponding values of the character χB in the character
table for S4 in Example 53.

25. Let signµ be the sign of the permutations in the conjugacy class Cµ for µ ⊢ n.
By performing a sign reversing and weight preserving involution on the objects U
in the proof of Theorem 82, prove the identity

n!eλ =
∑
σ∈Sn

sign(σ)ψλ(σ)pµ(σ).

Alternatively, this identity is eλ =
∑
µ⊢n

signµ ψ
λ
µ

pµ

zµ
, thereby giving us the entries of

the e-to-p/z transition matrix.

26. Show that all rimhook tableauxof shapeµ ⊢ nkwith content (k, k, . . . , k)have
the same sign.

27. Show that sign(σ)χλ
µ = χλ′

µ where λ′ is the conjugate partition to λ and σ is a
permutation with cycle type µ.

28. Determine all λwith χλ
(n−2,2) ̸= 0.

29. Show that for any partition µ and for all n ≥ 1, ensµ =
∑

λ/µ is a skew column
with n cells

sλ.

30. A tableau T of shape λ is row strict if integers strictly increase in rows, reading
from left to right, and weakly increase in columns, reading from bottom to top. Let
T be a row strict tableaux and j an integer. We define the dual row insertion of j into
T, denoted T d← j, to be the tableau found by following three rules:
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1. If T is the empty tableau, then T d← j is the column strict tableaux with 1 cell
which contains the integer j.
If T is not empty, we assume that the first row of T contains the integers a1 <
· · · < an and T′ is the row strict tableau that is found by removing the first
row of T.

2. If an < j, then T d← j results from T by adding a cell containing j at the end of
the bottom row of T.

3. If ak ≥ j, then let ak be the leftmost entry in bottom row of T that is greater
than or equal to j. Replace ak with j and then dual row insert ak into T′.

Calculate ∅ d← 1 d← 1 d← 3 d← 2 d← 3 d← 1 d← 1 d← 3 d← 2 d← 2 d← 1.

31. By expanding each term in the infinite product as a geometric series and then
interpreting each choice of xmi y

m
j z

m as an entry in a nonnegative integer valuedma-
trix A, prove that∏

i,j≥1

1
1− xiyjz

=
∑
λ

sλ(x1, x2, . . . )sλ(y1, y2, . . . )z|λ|.

32. Let fλ denote the number of column strict tableaux of shape λ which contain
the integers 1, . . . , n. Simplify

∑
λ⊢n
(
fλ
)2.

33. Let F be the Frobenius map. Find these values:

a. F(eλ),

b. F−1(χD)where D is the defining representation,

c. F−1(χL)where L is the left regular representation.

34. Find the character table for S5 using rim hook tableaux.

35. What is the result of applying the algorithm in the proof of Theorem 108 to the
reverse plane partition shown below?

0 1 2 2 2
1 1 2 3 3
3 3 3 3 6
4 4 5 7

36. Find thedegreeof the irreducible representationcorresponding toλ = (6, 6, 5, 3, 2, 1, 1).
(This should be easy if you use the hook length formula!)

37. Find the character table for A5. Why is A5 simple? (See Exercise 15).

38. Let Sλ be the Specht representation corresponding to λ ⊢ n. How do each of
these representations break up as a direct sum of irreducible representations?
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a. S(2,2)
yS4

S(2,2)
.

b. 1↑S6
S(3,2,1) .

c. (S(2,1) ⊗ S(1,1))
xS5

S(3,2)
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